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One of the most important tasks in modern quantum science is to coherently control and entangle
many-body systems, and to subsequently use these systems to realize powerful quantum technologies
such as quantum-enhanced sensors. However, many-body entangled states are difficult to prepare
and preserve since internal dynamics and external noise rapidly degrade any useful entanglement.
Here, we introduce a protocol that counterintuitively exploits inhomogeneities, a typical source of
dephasing in a many-body system, in combination with interactions to generate metrologically use-
ful and robust many-body entangled states. Motivated by current limitations in state-of-the-art
three-dimensional (3D) optical lattice clocks (OLCs) operating at quantum degeneracy, we use local
interactions in a Hubbard model with spin-orbit coupling to achieve a spin-locking effect. In addition
to prolonging inter-particle spin coherence, spin-locking transforms the dephasing effect of spin-orbit
coupling into a collective spin-squeezing process that can be further enhanced by applying a mod-
ulated drive. Our protocol is fully compatible with state-of-the-art 3D OLC interrogation schemes
and may be used to improve their sensitivity, which is currently limited by the intrinsic quantum
noise of independent atoms. We demonstrate that even with realistic experimental imperfections,
our protocol may generate ∼ 10–14 dB of spin squeezing in ∼ 1 second with ∼ 102–104 atoms. This
capability allows OLCs to enter a new era of quantum enhanced sensing using correlated quantum
states of driven non-equilibrium systems.
I. INTRODUCTION
A major frontier of contemporary physics is the un-
derstanding of non-equilibrium behaviors of many-body
quantum systems, and the application of these behav-
iors toward the development of novel quantum technolo-
gies with untapped capabilities[1]. To this end, ultra-
cold atomic, molecular, and optical systems are ideal
platforms for studying unexplored regimes of many-body
physics due to their clean preparation and readout, high
controllability, and long coherence times[2, 3]. The
exquisite capabilities of these systems have pushed the
frontiers of metrology, quantum simulation, and quan-
tum information science.
Optical lattice clocks in particular have seen some of
the most impressive developments in recent years, reach-
ing record levels of precision (∼ 3 × 10−19)[4, 5] and
accuracy (∼ 1 × 10−18)[6, 7]. These advancements re-
quired important breakthroughs, including the capabil-
ity to cool and trap fermionic alkaline-earth atoms in
spin-insensitive potentials[8–10]; the development of ul-
tracoherent lasers[11–13] to fully exploit an ultranar-
row clock transition[14]; the detailed characterization
of inter-atomic interactions[15–17]; and, more recently,
the preparation of a quantum degenerate gas in a three-
dimensional (3D) optical lattice[4, 5, 18]. Nonetheless, all
improvements in sensing capabilities to date have been
based on single-particle control of internal atomic degrees
of freedom. Such strategies will eventually have diminish-
ing returns due to practical difficulties in (i) suppressing
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decoherence from external (motional) degrees of freedom,
and (ii) interrogating more particles without additional
systematic errors from interactions[5, 14, 19].
Pushing beyond the current independent-particle
paradigm requires leveraging many-body quantum cor-
relations. Entangled states such as spin-squeezed
states[20–22] can enhance measurement sensitivity,
i.e. the uncertainty ∆θ in the estimation of a parame-
ter θ, below the standard quantum limit ∆θ ∼ 1/√N for
N uncorrelated particles[23, 24]. The major challenge
for progress in this direction is that generating entan-
glement requires interactions, which are generally unde-
sirable because they degrade atomic coherence, thereby
limiting clock performance[14, 19, 25–28]. In fact, the
most precise and accurate optical lattice clocks were
designed to operate with fermionic atoms in identi-
cal nuclear and electronic states to suppress collisional
decoherence[4, 25, 29], as identical fermions cannot in-
teract via the otherwise dominant (s-wave) collisions
at ultracold temperatures. However, an initially spin-
polarized Fermi gas still exhibits interactions at later
times due to spin-orbit coupling (SOC) that is induced
by the laser that drives the clock transition (i.e. the
“clock laser”)[30–33]. Specifically, the momentum kick
imparted by this laser imprints a position-dependent
phase that induces inhomogeneous spin precession and
generates spin dephasing, thereby making atoms distin-
guishable and vulnerable to collisions. While a deep lat-
tice can suppress SOC, it also intensifies the light scat-
tering which currently limits the coherence time of the
clock[18, 34, 35].
In this work, we describe a scheme that can lead to
metrological advances in state-of-the-art optical lattice
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2clocks through direct use of quantum entanglement by
harnessing the interplay between nominally undesirable
collisions and SOC. This scheme is made possible in the
weak SOC regime by the formation of an interaction-
energy gap that suppresses the SOC-induced popula-
tion transfer from the exchange-symmetric Dicke mani-
fold (spanned by spin-polarized, and thus non-interacting
states) to the remainder of Hilbert space. Interactions
thereby prolong inter-particle spin coherence through a
spin-locking effect, which additionally transforms the de-
phasing effect of SOC into a collective spin squeezing
process. To generate spin squeezing, our protocol only re-
quires the capability to fix (i) the orientation of the clock
laser and (ii) the optical lattice depth. These controls are
straightforward to incorporate into current 3D clock in-
terrogation sequences without sacrificing atom numbers
or coherence times. Additionally, we show that by ap-
plying a modulated drive from the clock laser, one can
further prepare states that saturate the Heisenberg limit
∆θ ∼ 1/N for phase sensitivity[20, 22, 24]. This capa-
bility mirrors efforts in other settings, such as nitrogen-
vacancy centers in diamond[36, 37] and trapped ions[38],
to enhance quantum metrology through the use of driven
non-equilibrium phenomena.
Despite an abundance of proof-of-principle experi-
ments with entangled states[24, 39], so far only the re-
markable example of LIGO[40, 41] has demonstrated a
quantum advantage in a state-of-the-art quantum sensing
or measurement system. The new generation of 3D opti-
cal lattice systems have fully quantized motional degrees
of freedom[4], allowing for precise control of collisional
interactions. We demonstrate how these interactions
can naturally give rise to metrologically useful correlated
many-body fermionic states, opening a path to not only
generate entanglement, but also harness it to achieve a
quantum advantage in a world-class sensor. Such an ad-
vance will ultimately deliver gains to real-world applica-
tions including timekeeping, navigation, telecommunica-
tion, and our understanding of the fundamental laws of
nature[42].
II. SPIN SQUEEZING WITH THE
FERMI-HUBBARD MODEL
We consider N fermionic atoms with two spin states
(labeled ↑ and ↓) trapped in a 3D optical lattice. In
this discussion, these spin states are associated with the
two electronic states of a nuclear-spin-polarized gas. At
sufficiently low temperatures, atoms occupy the lowest
Bloch band of the lattice and interact only through s-
wave collisions. A schematic of this system is provided in
Fig. 1(a), where tight confinement prevents motion along
the vertical direction (z), effectively forming a stack of
independent 2D lattices. For simplicity and without loss
of generality, however, we first consider the case when
tunneling can only occur along one direction, x, and thus
model the system as living in one dimension.
An external laser with Rabi frequency Ω and wavenum-
ber kL along the tunneling axis resonantly couples atoms’
internal states through the Hamiltonian Hˆlaser/~ =∑
j Ωe
ikLxj cˆ†j,↑cˆj,↓+h.c., where cˆjα is a fermionic annihi-
lation operator for an atom on site j with internal state
α ∈ {↑, ↓} and xj is the position of site j. This laser im-
prints a position-dependent phase that equates to a mo-
mentum kick kL when an atom changes internal states
by absorbing or emitting a photon, thereby generating
spin-orbit coupling[30, 32]. After absorbing the position
dependence of the laser Hamiltonian into fermionic oper-
ators through the gauge transformation cˆj,↑ → eikLxj cˆj,↑,
which makes Hˆlaser spatially homogeneous, the atoms are
well-described in the tight-binding limit by the Fermi-
Hubbard Hamiltonian[43]
Hˆ
(φ)
FH/~ = −J
∑
j
(
eiφcˆ†j,↑cˆj+1,↑ + cˆ
†
j,↓cˆj+1,↓ + h.c.
)
+ U
∑
j
nˆj,↑nˆj,↓, (1)
where J is the nearest-neighbor tunneling rate; the SOC
angle φ ≡ kLa determines the phase gained by spin-
up atoms upon tunneling from site j to site j + 1 (in
the gauge-transformed frame) with lattice spacing a =
xj+1 − xj ; U is the on-site interaction energy of two
atoms; and nˆjα ≡ cˆ†jαcˆjα is a number operator.
The Fermi-Hubbard Hamiltonian can be re-written in
the quasi-momentum basis with annihiliation operators
cˆqα ≡ L−1/2
∑
j e
−iqxj cˆjα, where q is a quasi-momentum
and L is the total number of lattice sites. In this ba-
sis, the single-particle Hamiltonian exhibits shifted dis-
persion relations that signify spin-orbit coupling [see
Fig. 1(b)]:
Hˆ
(φ)
FH,single/~ = −2J
∑
q
[cos(qa+ φ)nˆq,↑ + cos(qa)nˆq,↓] .
(2)
When U . J , interaction energies are too weak for colli-
sions to change the occupancies of single-particle quasi-
momentum modes. Atoms are then pinned to these
modes, which form a lattice in quasi-momentum space
[see Fig. 1(c)][33]. In this strong-tunneling limit, the
Fermi-Hubbard Hamiltonian [Eqn. (2)] can be mapped to
a spin-1/2 system with a collective ferromagnetic Heisen-
berg interaction and an inhomogeneous axial field, given
by[19, 26, 33]
Hˆspin/~ = −U
L
Sˆ · Sˆ −
∑
q
Bq sˆ
z
q, (3)
where Sˆ =
∑
q sˆq is a collective spin operator; sˆq is a
spin-1/2 operator for mode q with components sˆj=x,y,zq ≡
1
2
∑
α,β cˆ
†
qασ
j
αβ cˆqβ defined in terms of the Pauli matrices
σj=x,y,z; the sums over q run over all occupied quasi-
momentum modes; and Bq ≡ −4J sin(qa+ φ/2) sin(φ/2)
is the SOC-induced axial field.
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t
<latexit sha1_base64="7uX8qoGudhkVfhNRdeWycNOvdjg=">AAAB53icbVBNS8NAE J34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbTbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydq o5jUPJW+Hoduq3nrg2IlH3OE55ENOBEpFgFK3UxF6l6tbcGcgy8QpShQKNXuWr209YFnOFTFJjOp6bYpBTjYJJPil3M8NTykZ0wDuWKhpzE+SzQyfk1Cp9EiXalkIyU39P5DQ2ZhyH tjOmODSL3lT8z+tkGF0FuVBphlyx+aIokwQTMv2a9IXmDOXYEsq0sLcSNqSaMrTZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3wgQGHZ3iFN+fReXHenY9564pTzBzBH zifP05BjMs=</latexit><latexit sha1_base64="7uX8qoGudhkVfhNRdeWycNOvdjg=">AAAB53icbVBNS8NAE J34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbTbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydq o5jUPJW+Hoduq3nrg2IlH3OE55ENOBEpFgFK3UxF6l6tbcGcgy8QpShQKNXuWr209YFnOFTFJjOp6bYpBTjYJJPil3M8NTykZ0wDuWKhpzE+SzQyfk1Cp9EiXalkIyU39P5DQ2ZhyH tjOmODSL3lT8z+tkGF0FuVBphlyx+aIokwQTMv2a9IXmDOXYEsq0sLcSNqSaMrTZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3wgQGHZ3iFN+fReXHenY9564pTzBzBH zifP05BjMs=</latexit><latexit sha1_base64="7uX8qoGudhkVfhNRdeWycNOvdjg=">AAAB53icbVBNS8NAE J34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbTbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpxn2WyES3Q2q4FIr7KFDydq o5jUPJW+Hoduq3nrg2IlH3OE55ENOBEpFgFK3UxF6l6tbcGcgy8QpShQKNXuWr209YFnOFTFJjOp6bYpBTjYJJPil3M8NTykZ0wDuWKhpzE+SzQyfk1Cp9EiXalkIyU39P5DQ2ZhyH tjOmODSL3lT8z+tkGF0FuVBphlyx+aIokwQTMv2a9IXmDOXYEsq0sLcSNqSaMrTZlG0I3uLLy8Q/r13X3OZFtX5TpFGCYziBM/DgEupwBw3wgQGHZ3iFN+fReXHenY9564pTzBzBH zifP05BjMs=</latexit>
initial state  
preparation clock laser off spin squeezed 
state
ei
⇡
2 Sˆy
<latexit sha1_base64="Dgep1xY1f8bRI6Izy hq/Jd/G0eM=">AAACCnicbVA9SwNBEN2LXzF+RS1tjgTBKlyCoHZBG8uIngnkYtjbzCVL9j7YnRPDc r2Nf8XGQsXWX2Dnv3HzUWjig4HHezPMzPMTwRU6zreVW1peWV3Lrxc2Nre2d4q7e7cqTiUDl8Uili2 fKhA8Ahc5CmglEmjoC2j6w4ux37wHqXgc3eAogU5I+xEPOKNopG6xBHeae4GkTHsJz3Qt8wYU9XXW 9RAeUI+yrFssOxVnAnuRVGekTGZodItfXi9maQgRMkGValedBDuaSuRMQFbwUgUJZUPah7ahEQ1Bdf Tkl8w+NErPDmJpKkJ7ov6e0DRUahT6pjOkOFDz3lj8z2unGJx2NI+SFCFi00VBKmyM7XEwdo9LYChG hlAmubnVZgNqgkETX8GEUJ1/eZG4tcpZxbk6LtfPZ2nkyQEpkSNSJSekTi5Jg7iEkUfyTF7Jm/Vkv Vjv1se0NWfNZvbJH1ifP1x4nBo=</latexit><latexit sha1_base64="Dgep1xY1f8bRI6Izy hq/Jd/G0eM=">AAACCnicbVA9SwNBEN2LXzF+RS1tjgTBKlyCoHZBG8uIngnkYtjbzCVL9j7YnRPDc r2Nf8XGQsXWX2Dnv3HzUWjig4HHezPMzPMTwRU6zreVW1peWV3Lrxc2Nre2d4q7e7cqTiUDl8Uili2 fKhA8Ahc5CmglEmjoC2j6w4ux37wHqXgc3eAogU5I+xEPOKNopG6xBHeae4GkTHsJz3Qt8wYU9XXW 9RAeUI+yrFssOxVnAnuRVGekTGZodItfXi9maQgRMkGValedBDuaSuRMQFbwUgUJZUPah7ahEQ1Bdf Tkl8w+NErPDmJpKkJ7ov6e0DRUahT6pjOkOFDz3lj8z2unGJx2NI+SFCFi00VBKmyM7XEwdo9LYChG hlAmubnVZgNqgkETX8GEUJ1/eZG4tcpZxbk6LtfPZ2nkyQEpkSNSJSekTi5Jg7iEkUfyTF7Jm/Vkv Vjv1se0NWfNZvbJH1ifP1x4nBo=</latexit><latexit sha1_base64="Dgep1xY1f8bRI6Izy hq/Jd/G0eM=">AAACCnicbVA9SwNBEN2LXzF+RS1tjgTBKlyCoHZBG8uIngnkYtjbzCVL9j7YnRPDc r2Nf8XGQsXWX2Dnv3HzUWjig4HHezPMzPMTwRU6zreVW1peWV3Lrxc2Nre2d4q7e7cqTiUDl8Uili2 fKhA8Ahc5CmglEmjoC2j6w4ux37wHqXgc3eAogU5I+xEPOKNopG6xBHeae4GkTHsJz3Qt8wYU9XXW 9RAeUI+yrFssOxVnAnuRVGekTGZodItfXi9maQgRMkGValedBDuaSuRMQFbwUgUJZUPah7ahEQ1Bdf Tkl8w+NErPDmJpKkJ7ov6e0DRUahT6pjOkOFDz3lj8z2unGJx2NI+SFCFi00VBKmyM7XEwdo9LYChG hlAmubnVZgNqgkETX8GEUJ1/eZG4tcpZxbk6LtfPZ2nkyQEpkSNSJSekTi5Jg7iEkUfyTF7Jm/Vkv Vjv1se0NWfNZvbJH1ifP1x4nBo=</latexit>
|S = N/2i
<latexit sha1_base64="3kT2odcKByXlFIfT6sv1lClR5Zw=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81bQI6kEoevEkFY0 ttKFstpN26WYTdzeFEvs7vHhQ8eqf8ea/cdvmoK0PBh7vzTAzz485U9pxvq2FxaXlldXcWn59Y3Nru7Cz+6CiRFJ0acQj2fCJQs4Eupppjo1YIgl9jnW/fzX26wOUikXiXg9j9ELSFSxglGgjeU93FzfHlZYkosuxXSg6JWcCe56UM1KEDLV24avViWgSotCUE6Wa ZSfWXkqkZpTjKN9KFMaE9kkXm4YKEqLy0snRI/vQKB07iKQpoe2J+nsiJaFSw9A3nSHRPTXrjcX/vGaigzMvZSJONAo6XRQk3NaRPU7A7jCJVPOhIYRKZm61aY9IQrXJKW9CKM++PE/cSum85NyeFKuXWRo52IcDOIIynEIVrqEGLlB4hGd4hTdrYL1Y79bHtHXBym b24A+szx9Z9pFf</latexit><latexit sha1_base64="3kT2odcKByXlFIfT6sv1lClR5Zw=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81bQI6kEoevEkFY0 ttKFstpN26WYTdzeFEvs7vHhQ8eqf8ea/cdvmoK0PBh7vzTAzz485U9pxvq2FxaXlldXcWn59Y3Nru7Cz+6CiRFJ0acQj2fCJQs4Eupppjo1YIgl9jnW/fzX26wOUikXiXg9j9ELSFSxglGgjeU93FzfHlZYkosuxXSg6JWcCe56UM1KEDLV24avViWgSotCUE6Wa ZSfWXkqkZpTjKN9KFMaE9kkXm4YKEqLy0snRI/vQKB07iKQpoe2J+nsiJaFSw9A3nSHRPTXrjcX/vGaigzMvZSJONAo6XRQk3NaRPU7A7jCJVPOhIYRKZm61aY9IQrXJKW9CKM++PE/cSum85NyeFKuXWRo52IcDOIIynEIVrqEGLlB4hGd4hTdrYL1Y79bHtHXBym b24A+szx9Z9pFf</latexit><latexit sha1_base64="3kT2odcKByXlFIfT6sv1lClR5Zw=">AAAB83icbVBNS8NAEJ34WetX1aOXYBE81bQI6kEoevEkFY0 ttKFstpN26WYTdzeFEvs7vHhQ8eqf8ea/cdvmoK0PBh7vzTAzz485U9pxvq2FxaXlldXcWn59Y3Nru7Cz+6CiRFJ0acQj2fCJQs4Eupppjo1YIgl9jnW/fzX26wOUikXiXg9j9ELSFSxglGgjeU93FzfHlZYkosuxXSg6JWcCe56UM1KEDLV24avViWgSotCUE6Wa ZSfWXkqkZpTjKN9KFMaE9kkXm4YKEqLy0snRI/vQKB07iKQpoe2J+nsiJaFSw9A3nSHRPTXrjcX/vGaigzMvZSJONAo6XRQk3NaRPU7A7jCJVPOhIYRKZm61aY9IQrXJKW9CKM++PE/cSum85NyeFKuXWRo52IcDOIIynEIVrqEGLlB4hGd4hTdrYL1Y79bHtHXBym b24A+szx9Z9pFf</latexit>
|S = N/2  1i
<latexit sha1_base64="VrwKkzpIEfYMWjJR4vfua1I6aew=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEIXqxJEdSDUPTiSSoaW2h D2Wyn7dLNJuxuhBr7S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3MLi0vJKfrWwtr6xWbS3tu9VlEgKHo14JBsBUcCZAE8zzaERSyBhwKEeDC7Hfv0BpGKRuNPDGPyQ9ATrMkq0kdp28en2/Pqocui2JBE9Dm275JSdCfA8cTNSQhlqbfur1YloEoLQlBOlmq4Taz8lU jPKYVRoJQpiQgekB01DBQlB+enk8BHeN0oHdyNpSmg8UX9PpCRUahgGpjMkuq9mvbH4n9dMdPfUT5mIEw2CThd1E451hMcp4A6TQDUfGkKoZOZWTPtEEqpNVgUTgjv78jzxKuWzsnNzXKpeZGnk0S7aQwfIRSeoiq5QDXmIogQ9o1f0Zj1aL9a79TFtzVnZzA76A+vzB6/ikgI =</latexit><latexit sha1_base64="VrwKkzpIEfYMWjJR4vfua1I6aew=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEIXqxJEdSDUPTiSSoaW2h D2Wyn7dLNJuxuhBr7S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3MLi0vJKfrWwtr6xWbS3tu9VlEgKHo14JBsBUcCZAE8zzaERSyBhwKEeDC7Hfv0BpGKRuNPDGPyQ9ATrMkq0kdp28en2/Pqocui2JBE9Dm275JSdCfA8cTNSQhlqbfur1YloEoLQlBOlmq4Taz8lU jPKYVRoJQpiQgekB01DBQlB+enk8BHeN0oHdyNpSmg8UX9PpCRUahgGpjMkuq9mvbH4n9dMdPfUT5mIEw2CThd1E451hMcp4A6TQDUfGkKoZOZWTPtEEqpNVgUTgjv78jzxKuWzsnNzXKpeZGnk0S7aQwfIRSeoiq5QDXmIogQ9o1f0Zj1aL9a79TFtzVnZzA76A+vzB6/ikgI =</latexit><latexit sha1_base64="VrwKkzpIEfYMWjJR4vfua1I6aew=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEIXqxJEdSDUPTiSSoaW2h D2Wyn7dLNJuxuhBr7S7x4UPHqX/Hmv3Hb5qCtDwYe780wMy+IOVPacb6t3MLi0vJKfrWwtr6xWbS3tu9VlEgKHo14JBsBUcCZAE8zzaERSyBhwKEeDC7Hfv0BpGKRuNPDGPyQ9ATrMkq0kdp28en2/Pqocui2JBE9Dm275JSdCfA8cTNSQhlqbfur1YloEoLQlBOlmq4Taz8lU jPKYVRoJQpiQgekB01DBQlB+enk8BHeN0oHdyNpSmg8UX9PpCRUahgGpjMkuq9mvbH4n9dMdPfUT5mIEw2CThd1E451hMcp4A6TQDUfGkKoZOZWTPtEEqpNVgUTgjv78jzxKuWzsnNzXKpeZGnk0S7aQwfIRSeoiq5QDXmIogQ9o1f0Zj1aL9a79TFtzVnZzA76A+vzB6/ikgI =</latexit>
minhvar(Sˆ?✓ )i<latexit sha1_base64="m9jExh1wW7jyZDrO3wVafbz7ARo=">AAACJHicbVDLSgNBEJyN7/iKevSyGAS9hI0IKngQvXhUNEbIxtA76SRDZmeXmV4xLPs zXvwVLx6MePDitzh5HDSxYKCoqqanK4ilMOR5X05uZnZufmFxKb+8srq2XtjYvDNRojlWeCQjfR+AQSkUVkiQxPtYI4SBxGrQvRj41UfURkTqlnox1kNoK9ESHMhKjcKpT/hEaShU5ktQbYkj4RF0tud3gNKbrJH61EGC7CH1Y9Rxtu/rYbRRKHolbwh3mpTHpMjGuGoU+n4z4kmIirgEY2plL6Z6CpoEl5jl/cRgDLwLb axZqiBEU0+HV2burlWabivS9ilyh+rviRRCY3phYJMhUMdMegPxP6+WUOu4ngoVJ4SKjxa1EulS5A4qc5tCIyfZswS4FvavLu+ABk622LwtoTx58jSpHJROSt71YfHsfNzGIttmO2yPldkRO2OX7IpVGGfP7JW9s77z4rw5H87nKJpzxjNb7A+c7x8JbKeg</latexit><latexit sha1_base64="m9jExh1wW7jyZDrO3wVafbz7ARo=">AAACJHicbVDLSgNBEJyN7/iKevSyGAS9hI0IKngQvXhUNEbIxtA76SRDZmeXmV4xLPs zXvwVLx6MePDitzh5HDSxYKCoqqanK4ilMOR5X05uZnZufmFxKb+8srq2XtjYvDNRojlWeCQjfR+AQSkUVkiQxPtYI4SBxGrQvRj41UfURkTqlnox1kNoK9ESHMhKjcKpT/hEaShU5ktQbYkj4RF0tud3gNKbrJH61EGC7CH1Y9Rxtu/rYbRRKHolbwh3mpTHpMjGuGoU+n4z4kmIirgEY2plL6Z6CpoEl5jl/cRgDLwLb axZqiBEU0+HV2burlWabivS9ilyh+rviRRCY3phYJMhUMdMegPxP6+WUOu4ngoVJ4SKjxa1EulS5A4qc5tCIyfZswS4FvavLu+ABk622LwtoTx58jSpHJROSt71YfHsfNzGIttmO2yPldkRO2OX7IpVGGfP7JW9s77z4rw5H87nKJpzxjNb7A+c7x8JbKeg</latexit><latexit sha1_base64="m9jExh1wW7jyZDrO3wVafbz7ARo=">AAACJHicbVDLSgNBEJyN7/iKevSyGAS9hI0IKngQvXhUNEbIxtA76SRDZmeXmV4xLPs zXvwVLx6MePDitzh5HDSxYKCoqqanK4ilMOR5X05uZnZufmFxKb+8srq2XtjYvDNRojlWeCQjfR+AQSkUVkiQxPtYI4SBxGrQvRj41UfURkTqlnox1kNoK9ESHMhKjcKpT/hEaShU5ktQbYkj4RF0tud3gNKbrJH61EGC7CH1Y9Rxtu/rYbRRKHolbwh3mpTHpMjGuGoU+n4z4kmIirgEY2plL6Z6CpoEl5jl/cRgDLwLb axZqiBEU0+HV2burlWabivS9ilyh+rviRRCY3phYJMhUMdMegPxP6+WUOu4ngoVJ4SKjxa1EulS5A4qc5tCIyfZswS4FvavLu+ABk622LwtoTx58jSpHJROSt71YfHsfNzGIttmO2yPldkRO2OX7IpVGGfP7JW9s77z4rw5H87nKJpzxjNb7A+c7x8JbKeg</latexit>
E<latexit sha1_base64="TL2TN4ULQIYm5op5ZyuwdLpTr40=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FETy2YGy hDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef/gQcepYuixWMSqHVCNgkv0DDcC24lCGgUCW8HoZuq3nlBpHst7M07Qj+hA8pAzaqzUvO2VK27VnYEsk1pOKpCj0St/dfsxSyOUhgmqdafmJsbPqDKcCZy UuqnGhLIRHWDHUkkj1H42O3RCTqzSJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQkv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynZEGqLLy8T76x6VXWb55X6dZ5GEY7gGE6hBhdQhztogAcMEJ7hFd6cR+fFeXc+5q0FJ585hD9wPn8ABzSM nA==</latexit><latexit sha1_base64="TL2TN4ULQIYm5op5ZyuwdLpTr40=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FETy2YGy hDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef/gQcepYuixWMSqHVCNgkv0DDcC24lCGgUCW8HoZuq3nlBpHst7M07Qj+hA8pAzaqzUvO2VK27VnYEsk1pOKpCj0St/dfsxSyOUhgmqdafmJsbPqDKcCZy UuqnGhLIRHWDHUkkj1H42O3RCTqzSJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQkv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynZEGqLLy8T76x6VXWb55X6dZ5GEY7gGE6hBhdQhztogAcMEJ7hFd6cR+fFeXc+5q0FJ585hD9wPn8ABzSM nA==</latexit><latexit sha1_base64="TL2TN4ULQIYm5op5ZyuwdLpTr40=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FETy2YGy hDWWznbRrN5uwuxFK6C/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef/gQcepYuixWMSqHVCNgkv0DDcC24lCGgUCW8HoZuq3nlBpHst7M07Qj+hA8pAzaqzUvO2VK27VnYEsk1pOKpCj0St/dfsxSyOUhgmqdafmJsbPqDKcCZy UuqnGhLIRHWDHUkkj1H42O3RCTqzSJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQkv/YzLJDUo2XxRmApiYjL9mvS5QmbE2BLKFLe3EjakijJjsynZEGqLLy8T76x6VXWb55X6dZ5GEY7gGE6hBhdQhztogAcMEJ7hFd6cR+fFeXc+5q0FJ585hD9wPn8ABzSM nA==</latexit>
⇡
<latexit sha1_base64="dCyMQGHIbd/MTZiNoBIXsj2d5PA=">AAAB6XicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0 DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSfS8V/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu /p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXiX9Rv667d5e1ZrNIowwncArn4EEDmnALLfCBwRCe4RXeHOm8OO /Ox6K15BQzx/AHzucPvGmNng==</latexit><latexit sha1_base64="dCyMQGHIbd/MTZiNoBIXsj2d5PA=">AAAB6XicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0 DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSfS8V/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu /p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXiX9Rv667d5e1ZrNIowwncArn4EEDmnALLfCBwRCe4RXeHOm8OO /Ox6K15BQzx/AHzucPvGmNng==</latexit><latexit sha1_base64="dCyMQGHIbd/MTZiNoBIXsj2d5PA=">AAAB6XicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqN4KXjxWNLbQhrLZbtqlm03YnQgl9Cd48aDi1X/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6NEmmGfdZIhPdCanhUijuo0 DJO6nmNA4lb4fjm5nffuLaiEQ94CTlQUyHSkSCUbTSfS8V/WrNrbtzkFXiFaQGBVr96ldvkLAs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOenTsmZVQYkSrQthWSu /p7IaWzMJA5tZ0xxZJa9mfif180wugpyodIMuWKLRVEmCSZk9jcZCM0ZyokllGlhbyVsRDVlaNOp2BC85ZdXiX9Rv667d5e1ZrNIowwncArn4EEDmnALLfCBwRCe4RXeHOm8OO /Ox6K15BQzx/AHzucPvGmNng==</latexit>
 ⇡
<latexit sha1_base64="lyk8nXU0EqG3U0PcAj3Q7XrFWc0=">AAAB6nicbVBNSwMx EJ31s9avqkcvwSJ4seyKoN4KXjxWcG2hXUo2zbahSTYkWaEs/QtePKh49Rd589+YbfegrQ8GHu/NMDMvVpwZ6/vf3srq2vrGZmWrur2zu7dfOzh8NGmmCQ1JylPdibGhnEkaWm Y57ShNsYg5bcfj28JvP1FtWCof7ETRSOChZAkj2BbSeU+xfq3uN/wZ0DIJSlKHEq1+7as3SEkmqLSEY2O6ga9slGNtGeF0Wu1lhipMxnhIu45KLKiJ8tmtU3TqlAFKUu1KWjRT f0/kWBgzEbHrFNiOzKJXiP953cwm11HOpMoslWS+KMk4sikqHkcDpimxfOIIJpq5WxEZYY2JdfFUXQjB4svLJLxo3DT8+8t6s1mmUYFjOIEzCOAKmnAHLQiBwAie4RXePOG9eO /ex7x1xStnjuAPvM8fJe2N1Q==</latexit><latexit sha1_base64="lyk8nXU0EqG3U0PcAj3Q7XrFWc0=">AAAB6nicbVBNSwMx EJ31s9avqkcvwSJ4seyKoN4KXjxWcG2hXUo2zbahSTYkWaEs/QtePKh49Rd589+YbfegrQ8GHu/NMDMvVpwZ6/vf3srq2vrGZmWrur2zu7dfOzh8NGmmCQ1JylPdibGhnEkaWm Y57ShNsYg5bcfj28JvP1FtWCof7ETRSOChZAkj2BbSeU+xfq3uN/wZ0DIJSlKHEq1+7as3SEkmqLSEY2O6ga9slGNtGeF0Wu1lhipMxnhIu45KLKiJ8tmtU3TqlAFKUu1KWjRT f0/kWBgzEbHrFNiOzKJXiP953cwm11HOpMoslWS+KMk4sikqHkcDpimxfOIIJpq5WxEZYY2JdfFUXQjB4svLJLxo3DT8+8t6s1mmUYFjOIEzCOAKmnAHLQiBwAie4RXePOG9eO /ex7x1xStnjuAPvM8fJe2N1Q==</latexit><latexit sha1_base64="lyk8nXU0EqG3U0PcAj3Q7XrFWc0=">AAAB6nicbVBNSwMx EJ31s9avqkcvwSJ4seyKoN4KXjxWcG2hXUo2zbahSTYkWaEs/QtePKh49Rd589+YbfegrQ8GHu/NMDMvVpwZ6/vf3srq2vrGZmWrur2zu7dfOzh8NGmmCQ1JylPdibGhnEkaWm Y57ShNsYg5bcfj28JvP1FtWCof7ETRSOChZAkj2BbSeU+xfq3uN/wZ0DIJSlKHEq1+7as3SEkmqLSEY2O6ga9slGNtGeF0Wu1lhipMxnhIu45KLKiJ8tmtU3TqlAFKUu1KWjRT f0/kWBgzEbHrFNiOzKJXiP953cwm11HOpMoslWS+KMk4sikqHkcDpimxfOIIJpq5WxEZYY2JdfFUXQjB4svLJLxo3DT8+8t6s1mmUYFjOIEzCOAKmnAHLQiBwAie4RXePOG9eO /ex7x1xStnjuAPvM8fJe2N1Q==</latexit>
qa
<latexit sha1_base64="ooLPcgkfE9avtSE71NA8tXxlW5k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lEUG8FLx6rGFtoQ9lsN+3SzSbuToQS+g+8eFDx6k/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXFtRKLucZzyIKYDJSLBKFrp7 pH2qjW37s5AlolXkBoUaPaqX91+wrKYK2SSGtPx3BSDnGoUTPJJpZsZnlI2ogPesVTRmJsgn106ISdW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZS hDadiQ/AWX14m/ln9qu7entcajSKNMhzBMZyCBxfQgBtogg8MIniGV3hzRs6L8+58zFtLTjFzCH/gfP4AASSNMQ==</latexit><latexit sha1_base64="ooLPcgkfE9avtSE71NA8tXxlW5k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lEUG8FLx6rGFtoQ9lsN+3SzSbuToQS+g+8eFDx6k/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXFtRKLucZzyIKYDJSLBKFrp7 pH2qjW37s5AlolXkBoUaPaqX91+wrKYK2SSGtPx3BSDnGoUTPJJpZsZnlI2ogPesVTRmJsgn106ISdW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZS hDadiQ/AWX14m/ln9qu7entcajSKNMhzBMZyCBxfQgBtogg8MIniGV3hzRs6L8+58zFtLTjFzCH/gfP4AASSNMQ==</latexit><latexit sha1_base64="ooLPcgkfE9avtSE71NA8tXxlW5k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LB bBU0lEUG8FLx6rGFtoQ9lsN+3SzSbuToQS+g+8eFDx6k/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR9dRvPXFtRKLucZzyIKYDJSLBKFrp7 pH2qjW37s5AlolXkBoUaPaqX91+wrKYK2SSGtPx3BSDnGoUTPJJpZsZnlI2ogPesVTRmJsgn106ISdW6ZMo0bYUkpn6eyKnsTHjOLSdMcWhWfSm4n9eJ8PoMsiFSjPkis0XRZkkmJDp26QvNGcox5ZQpoW9lbAh1ZS hDadiQ/AWX14m/ln9qu7entcajSKNMhzBMZyCBxfQgBtogg8MIniGV3hzRs6L8+58zFtLTjFzCH/gfP4AASSNMQ==</latexit>
 
<latexit sha1_base64="tkC7rSvQ03NlJqM5ibSvuNVDpp8=">AAAB6nicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kq zRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZo ZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTvb9stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIBljhI=</latexit><latexit sha1_base64="tkC7rSvQ03NlJqM5ibSvuNVDpp8=">AAAB6nicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kq zRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZo ZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTvb9stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIBljhI=</latexit><latexit sha1_base64="tkC7rSvQ03NlJqM5ibSvuNVDpp8=">AAAB6nicbVBNS8NAEJ3Ur1q /qh69LBbBU0lEqN6KXjxWMLbQhrLZbpqlu5uwuxFK6F/w4kHFq7/Im//GTZuDtj4YeLw3w8y8MOVMG9f9dipr6xubW9Xt2s7u3v5B/fDoUSeZItQnCU9UL8Saciapb5jhtJcqikXIaTec3BZ+94kq zRL5YKYpDQQeSxYxgk0hDdKYDesNt+nOgVaJV5IGlOgM61+DUUIyQaUhHGvd99zUBDlWhhFOZ7VBpmmKyQSPad9SiQXVQT6/dYbOrDJCUaJsSYPm6u+JHAutpyK0nQKbWC97hfif189MdBXkTKaZo ZIsFkUZRyZBxeNoxBQlhk8twUQxeysiMVaYGBtPzYbgLb+8SvyL5nXTvb9stG/KNKpwAqdwDh60oA130AEfCMTwDK/w5gjnxXl3PhatFaecOYY/cD5/AIBljhI=</latexit>
4J
<latexit sha1_base64="y4CyuR6b0Gxs+wgGI6yBS68kFjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloN6KX sRTFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVA44T7kd0oEQoGEUr3ddve+WKW3VnIMuklpMK5Gj2yl/dfszSiC tkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4YWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1cuqe1evNK7yNIpwBMdwCjU4hwbcQBM8YBDCM7z CmzNyXpx352PeWnDymUP4A+fzB4J2jN8=</latexit><latexit sha1_base64="y4CyuR6b0Gxs+wgGI6yBS68kFjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloN6KX sRTFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVA44T7kd0oEQoGEUr3ddve+WKW3VnIMuklpMK5Gj2yl/dfszSiC tkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4YWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1cuqe1evNK7yNIpwBMdwCjU4hwbcQBM8YBDCM7z CmzNyXpx352PeWnDymUP4A+fzB4J2jN8=</latexit><latexit sha1_base64="y4CyuR6b0Gxs+wgGI6yBS68kFjA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mloN6KX sRTFWMLbSib7aZdutmE3YlQQv+BFw8qXv1J3vw3btsctPXBwOO9GWbmBYkUBl332ymsrK6tbxQ3S1vbO7t75f2DRxOnmnGPxTLW7YAaLoXiHgqUvJ1oTqNA8lYwup76rSeujYjVA44T7kd0oEQoGEUr3ddve+WKW3VnIMuklpMK5Gj2yl/dfszSiC tkkhrTqbkJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4YWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYZQW3x5mXhn1cuqe1evNK7yNIpwBMdwCjU4hwbcQBM8YBDCM7z CmzNyXpx352PeWnDymUP4A+fzB4J2jN8=</latexit>
⌦eikL·r
<latexit sha1_base64="URxtsA+ywhufqhLkNYP18SxM4JQ=">AAACKXi cbVDLTgIxFO3gC/GFunTTSExckcGYiDuMGxcmYiJCwiDplDvQ0HmkvWMkk/keN/6KGxa+tv6IZWCh4Emanpxz723vcSMpNNr2p5VbWl5ZXcuvFzY2t7Z 3irt79zqMFYcGD2WoWi7TIEUADRQooRUpYL4roekOLyd+8xGUFmFwh6MIOj7rB8ITnKGRusUL58aHPqPwkAgH4cmMSLLb9ZJhmnYznlynDu+FOF+g0jQ tdIslu2xnoIukMiMlMkO9Wxw7vZDHPgTIJdO6XbEj7CRMoeAS0oITa4gYH7I+tA0NmA+6k2SrpvTIKD3qhcqcAGmm/u5ImK/1yHdNpc9woOe9ifif147 Rq3YSEUQxQsCnD3mxpBjSSW60JxRwlCNDGFfC/JXyAVOMo0l3EkJlfuVF0jgpn5ft29NSrTpLI08OyCE5JhVyRmrkitRJg3DyTF7JG3m3Xqyx9WF9TUt z1qxnn/yB9f0DYy2p5g==</latexit><latexit sha1_base64="URxtsA+ywhufqhLkNYP18SxM4JQ=">AAACKXi cbVDLTgIxFO3gC/GFunTTSExckcGYiDuMGxcmYiJCwiDplDvQ0HmkvWMkk/keN/6KGxa+tv6IZWCh4Emanpxz723vcSMpNNr2p5VbWl5ZXcuvFzY2t7Z 3irt79zqMFYcGD2WoWi7TIEUADRQooRUpYL4roekOLyd+8xGUFmFwh6MIOj7rB8ITnKGRusUL58aHPqPwkAgH4cmMSLLb9ZJhmnYznlynDu+FOF+g0jQ tdIslu2xnoIukMiMlMkO9Wxw7vZDHPgTIJdO6XbEj7CRMoeAS0oITa4gYH7I+tA0NmA+6k2SrpvTIKD3qhcqcAGmm/u5ImK/1yHdNpc9woOe9ifif147 Rq3YSEUQxQsCnD3mxpBjSSW60JxRwlCNDGFfC/JXyAVOMo0l3EkJlfuVF0jgpn5ft29NSrTpLI08OyCE5JhVyRmrkitRJg3DyTF7JG3m3Xqyx9WF9TUt z1qxnn/yB9f0DYy2p5g==</latexit><latexit sha1_base64="URxtsA+ywhufqhLkNYP18SxM4JQ=">AAACKXi cbVDLTgIxFO3gC/GFunTTSExckcGYiDuMGxcmYiJCwiDplDvQ0HmkvWMkk/keN/6KGxa+tv6IZWCh4Emanpxz723vcSMpNNr2p5VbWl5ZXcuvFzY2t7Z 3irt79zqMFYcGD2WoWi7TIEUADRQooRUpYL4roekOLyd+8xGUFmFwh6MIOj7rB8ITnKGRusUL58aHPqPwkAgH4cmMSLLb9ZJhmnYznlynDu+FOF+g0jQ tdIslu2xnoIukMiMlMkO9Wxw7vZDHPgTIJdO6XbEj7CRMoeAS0oITa4gYH7I+tA0NmA+6k2SrpvTIKD3qhcqcAGmm/u5ImK/1yHdNpc9woOe9ifif147 Rq3YSEUQxQsCnD3mxpBjSSW60JxRwlCNDGFfC/JXyAVOMo0l3EkJlfuVF0jgpn5ft29NSrTpLI08OyCE5JhVyRmrkitRJg3DyTF7JG3m3Xqyx9WF9TUt z1qxnn/yB9f0DYy2p5g==</latexit>
qx
<latexit sha1_base64="le/L3xngvDCkBlaA4wJ4UArltxs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BbBU0lEUG9FLx4rGFtoQ9lsJ+3SzYe7E2kJ+RtePKh49dd489+4bXPQ1gcDj/dmmJnnJ1JotO1vq7Syura+Ud6sbG3v7O5V9w8edJwqDi6PZazaPtMgRQQuCpTQThSw0JfQ8kc3U7/1BEqLOLrHSQJeyAaRCARna KTuYy/rIowxG+d5r1qz6/YMdJk4BamRAs1e9avbj3kaQoRcMq07jp2glzGFgkvIK91UQ8L4iA2gY2jEQtBeNrs5pydG6dMgVqYipDP190TGQq0noW86Q4ZDvehNxf+8TorBpZeJKEkRIj5fFKSSYkynAdC+UMBRT gxhXAlzK+VDphhHE1PFhOAsvrxM3LP6Vd2+O681ros0yuSIHJNT4pAL0iC3pElcwklCnskrebNS68V6tz7mrSWrmDkkf2B9/gBnepIe</latexit><latexit sha1_base64="le/L3xngvDCkBlaA4wJ4UArltxs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BbBU0lEUG9FLx4rGFtoQ9lsJ+3SzYe7E2kJ+RtePKh49dd489+4bXPQ1gcDj/dmmJnnJ1JotO1vq7Syura+Ud6sbG3v7O5V9w8edJwqDi6PZazaPtMgRQQuCpTQThSw0JfQ8kc3U7/1BEqLOLrHSQJeyAaRCARna KTuYy/rIowxG+d5r1qz6/YMdJk4BamRAs1e9avbj3kaQoRcMq07jp2glzGFgkvIK91UQ8L4iA2gY2jEQtBeNrs5pydG6dMgVqYipDP190TGQq0noW86Q4ZDvehNxf+8TorBpZeJKEkRIj5fFKSSYkynAdC+UMBRT gxhXAlzK+VDphhHE1PFhOAsvrxM3LP6Vd2+O681ros0yuSIHJNT4pAL0iC3pElcwklCnskrebNS68V6tz7mrSWrmDkkf2B9/gBnepIe</latexit><latexit sha1_base64="le/L3xngvDCkBlaA4wJ4UArltxs=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BbBU0lEUG9FLx4rGFtoQ9lsJ+3SzYe7E2kJ+RtePKh49dd489+4bXPQ1gcDj/dmmJnnJ1JotO1vq7Syura+Ud6sbG3v7O5V9w8edJwqDi6PZazaPtMgRQQuCpTQThSw0JfQ8kc3U7/1BEqLOLrHSQJeyAaRCARna KTuYy/rIowxG+d5r1qz6/YMdJk4BamRAs1e9avbj3kaQoRcMq07jp2glzGFgkvIK91UQ8L4iA2gY2jEQtBeNrs5pydG6dMgVqYipDP190TGQq0noW86Q4ZDvehNxf+8TorBpZeJKEkRIj5fFKSSYkynAdC+UMBRT gxhXAlzK+VDphhHE1PFhOAsvrxM3LP6Vd2+O681ros0yuSIHJNT4pAL0iC3pElcwklCnskrebNS68V6tz7mrSWrmDkkf2B9/gBnepIe</latexit>
qy
<latexit sha1_base64="e3XQvRsMZVwn1ZEexHM 1K4j9/DE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMFYwttKJvtpF26+XB3IoaQv+HFg 4pXf403/43bNgdtfTDweG+GmXl+IoVG2/62lpZXVtfWKxvVza3tnd3a3v69jlPFweWxjFXHZxqkiMBFg RI6iQIW+hLa/vh64rcfQWkRR3eYJeCFbBiJQHCGRuo99PMewhPmWVH0a3W7YU9BF4lTkjop0erXvnqDm KchRMgl07rr2Al6OVMouISi2ks1JIyP2RC6hkYsBO3l05sLemyUAQ1iZSpCOlV/T+Qs1DoLfdMZMhzpe W8i/ud1UwwuvFxESYoQ8dmiIJUUYzoJgA6EAo4yM4RxJcytlI+YYhxNTFUTgjP/8iJxTxuXDfv2rN68K tOokENyRE6IQ85Jk9yQFnEJJwl5Jq/kzUqtF+vd+pi1LlnlzAH5A+vzB2j/kh8=</latexit><latexit sha1_base64="e3XQvRsMZVwn1ZEexHM 1K4j9/DE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMFYwttKJvtpF26+XB3IoaQv+HFg 4pXf403/43bNgdtfTDweG+GmXl+IoVG2/62lpZXVtfWKxvVza3tnd3a3v69jlPFweWxjFXHZxqkiMBFg RI6iQIW+hLa/vh64rcfQWkRR3eYJeCFbBiJQHCGRuo99PMewhPmWVH0a3W7YU9BF4lTkjop0erXvnqDm KchRMgl07rr2Al6OVMouISi2ks1JIyP2RC6hkYsBO3l05sLemyUAQ1iZSpCOlV/T+Qs1DoLfdMZMhzpe W8i/ud1UwwuvFxESYoQ8dmiIJUUYzoJgA6EAo4yM4RxJcytlI+YYhxNTFUTgjP/8iJxTxuXDfv2rN68K tOokENyRE6IQ85Jk9yQFnEJJwl5Jq/kzUqtF+vd+pi1LlnlzAH5A+vzB2j/kh8=</latexit><latexit sha1_base64="e3XQvRsMZVwn1ZEexHM 1K4j9/DE=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMFYwttKJvtpF26+XB3IoaQv+HFg 4pXf403/43bNgdtfTDweG+GmXl+IoVG2/62lpZXVtfWKxvVza3tnd3a3v69jlPFweWxjFXHZxqkiMBFg RI6iQIW+hLa/vh64rcfQWkRR3eYJeCFbBiJQHCGRuo99PMewhPmWVH0a3W7YU9BF4lTkjop0erXvnqDm KchRMgl07rr2Al6OVMouISi2ks1JIyP2RC6hkYsBO3l05sLemyUAQ1iZSpCOlV/T+Qs1DoLfdMZMhzpe W8i/ud1UwwuvFxESYoQ8dmiIJUUYzoJgA6EAo4yM4RxJcytlI+YYhxNTFUTgjP/8iJxTxuXDfv2rN68K tOokENyRE6IQ85Jk9yQFnEJJwl5Jq/kzUqtF+vd+pi1LlnlzAH5A+vzB2j/kh8=</latexit>
 
X
q
Bq sˆ
z
q
<latexit sha1_base64="sMmL8aWYUtL4Vk62ciw5dpPSQQI=">AAACCnicbVC7TsNAEDzzDOFloKSxEiHREDkI Ceii0FAGCZNIsbHOl3NyyvmRuzUiWO5p+BUaCkC0fAEdf8M5cQEJI600N7Or2x0v5kyCaX5rC4tLyyurpbXy+sbm1ra+s3sjo0QQapGIR6LjYUk5C6kFDDjtxILiwOO07Q0vcr99R4VkUXgN45g6Ae6HzGcEg5JcvXJkyyRw01HWdE f2AEMqs/x1m9pA7yF9yDJXr5o1cwJjntQLUkUFWq7+ZfcikgQ0BMKxlN26GYOTYgGMcJqV7UTSGJMh7tOuoiEOqHTSyS2ZcaCUnuFHQlUIxkT9PZHiQMpx4KnOAMNAznq5+J/XTcA/c1IWxgnQkEw/8hNuQGTkwRg9JigBPlYEE8HU rgYZYIEJqPjKKoT67MnzxDqundfMq5Nqo1mkUUL7qIIOUR2doga6RC1kIYIe0TN6RW/ak/aivWsf09YFrZjZQ3+gff4Ako+cPw==</latexit><latexit sha1_base64="sMmL8aWYUtL4Vk62ciw5dpPSQQI=">AAACCnicbVC7TsNAEDzzDOFloKSxEiHREDkI Ceii0FAGCZNIsbHOl3NyyvmRuzUiWO5p+BUaCkC0fAEdf8M5cQEJI600N7Or2x0v5kyCaX5rC4tLyyurpbXy+sbm1ra+s3sjo0QQapGIR6LjYUk5C6kFDDjtxILiwOO07Q0vcr99R4VkUXgN45g6Ae6HzGcEg5JcvXJkyyRw01HWdE f2AEMqs/x1m9pA7yF9yDJXr5o1cwJjntQLUkUFWq7+ZfcikgQ0BMKxlN26GYOTYgGMcJqV7UTSGJMh7tOuoiEOqHTSyS2ZcaCUnuFHQlUIxkT9PZHiQMpx4KnOAMNAznq5+J/XTcA/c1IWxgnQkEw/8hNuQGTkwRg9JigBPlYEE8HU rgYZYIEJqPjKKoT67MnzxDqundfMq5Nqo1mkUUL7qIIOUR2doga6RC1kIYIe0TN6RW/ak/aivWsf09YFrZjZQ3+gff4Ako+cPw==</latexit><latexit sha1_base64="sMmL8aWYUtL4Vk62ciw5dpPSQQI=">AAACCnicbVC7TsNAEDzzDOFloKSxEiHREDkI Ceii0FAGCZNIsbHOl3NyyvmRuzUiWO5p+BUaCkC0fAEdf8M5cQEJI600N7Or2x0v5kyCaX5rC4tLyyurpbXy+sbm1ra+s3sjo0QQapGIR6LjYUk5C6kFDDjtxILiwOO07Q0vcr99R4VkUXgN45g6Ae6HzGcEg5JcvXJkyyRw01HWdE f2AEMqs/x1m9pA7yF9yDJXr5o1cwJjntQLUkUFWq7+ZfcikgQ0BMKxlN26GYOTYgGMcJqV7UTSGJMh7tOuoiEOqHTSyS2ZcaCUnuFHQlUIxkT9PZHiQMpx4KnOAMNAznq5+J/XTcA/c1IWxgnQkEw/8hNuQGTkwRg9JigBPlYEE8HU rgYZYIEJqPjKKoT67MnzxDqundfMq5Nqo1mkUUL7qIIOUR2doga6RC1kIYIe0TN6RW/ak/aivWsf09YFrZjZQ3+gff4Ako+cPw==</latexit>
fU
<latexit sha1_base64="Oqmv8gt5rjRFLCiWBSxzqr1leaw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPiJ+r1pz6+ 4MZJl4BalBgWav+tXtJyyLuUImqTEdz00xyKlGwSSfVLqZ4SllIzrgHUsVjbkJ8tmpE3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7ndTKMLoNcqDRDrth8UZRJggmZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/ Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPNLmNRg==</latexit><latexit sha1_base64="Oqmv8gt5rjRFLCiWBSxzqr1leaw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPiJ+r1pz6+ 4MZJl4BalBgWav+tXtJyyLuUImqTEdz00xyKlGwSSfVLqZ4SllIzrgHUsVjbkJ8tmpE3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7ndTKMLoNcqDRDrth8UZRJggmZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/ Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPNLmNRg==</latexit><latexit sha1_base64="Oqmv8gt5rjRFLCiWBSxzqr1leaw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU 0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPiJ+r1pz6+ 4MZJl4BalBgWav+tXtJyyLuUImqTEdz00xyKlGwSSfVLqZ4SllIzrgHUsVjbkJ8tmpE3JilT6JEm1LIZmpvydyGhszjkPbGVMcmkVvKv7ndTKMLoNcqDRDrth8UZRJggmZ/k36QnOGcmwJZVrYWwkbUk0Z2nQqNgRv8eVl4p/ Vr+ru3XmtcV2kUYYjOIZT8OACGnALTfCBwQCe4RXeHOm8OO/Ox7y15BQzh/AHzucPNLmNRg==</latexit>
(e)
<latexit sha1_base64="80/dsf+PW6LyEOKiB1zg8vOWhRM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhSco ZE8D+EJgzCvw+mkV63ZDXsGukycgtRIgVav+uX1E55FECOXTOuuY6fo50yh4BImFS/TkDI+YgPoGhqzCLSfz26e0BOj9GmYKFMx0pn6eyJnkdbjKDCdEcOhXvSm4n9eN8Pw0s9FnGYIMZ8vCjNJMaHTAGhfKOAox 4YwroS5lfIhU4yjialiQnAWX14m7lnjqmHfntead0UaZXJEjkmdOOSCNMkNaRGXcJKSZ/JK3qzMerHerY95a8kqZg7JH1ifP0U3kWw=</latexit><latexit sha1_base64="80/dsf+PW6LyEOKiB1zg8vOWhRM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhSco ZE8D+EJgzCvw+mkV63ZDXsGukycgtRIgVav+uX1E55FECOXTOuuY6fo50yh4BImFS/TkDI+YgPoGhqzCLSfz26e0BOj9GmYKFMx0pn6eyJnkdbjKDCdEcOhXvSm4n9eN8Pw0s9FnGYIMZ8vCjNJMaHTAGhfKOAox 4YwroS5lfIhU4yjialiQnAWX14m7lnjqmHfntead0UaZXJEjkmdOOSCNMkNaRGXcJKSZ/JK3qzMerHerY95a8kqZg7JH1ifP0U3kWw=</latexit><latexit sha1_base64="80/dsf+PW6LyEOKiB1zg8vOWhRM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69L BahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhSco ZE8D+EJgzCvw+mkV63ZDXsGukycgtRIgVav+uX1E55FECOXTOuuY6fo50yh4BImFS/TkDI+YgPoGhqzCLSfz26e0BOj9GmYKFMx0pn6eyJnkdbjKDCdEcOhXvSm4n9eN8Pw0s9FnGYIMZ8vCjNJMaHTAGhfKOAox 4YwroS5lfIhU4yjialiQnAWX14m7lnjqmHfntead0UaZXJEjkmdOOSCNMkNaRGXcJKSZ/JK3qzMerHerY95a8kqZg7JH1ifP0U3kWw=</latexit>
(d)
<latexit sha1_base64="7USeWx7Dz6UTSYiUmpzkRY0Mn4Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoqgnorePFYxdhCE8pmM2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWaen0qh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmODg8kYnq+kyDFDE4KFBCN1XAIl9Cxx9dT/3OIygtkvgexyl4ERvEIhScoZFcF+EJ/TCvB6eTfrVmN+wZ6DJpFqRGCrT71S83SHgWQYxcMq17TTtFL2cKBZcwqbiZhpTxERtAz9CYRaC9fHbzhJ4YJaBhokzFSGfq74mcRVqPI990RgyHetGbiv95vQzDSy8XcZohxHy+KMwkxYROA6CBUMBRjg1hXAlzK+VDphhHE1PFhNBcfHmZOGeNq4Z9e15r3RVplMkROSZ10iQXpEVuSJs4hJOUPJNX8mZl1ov1b n3MW0tWMXNI/sD6/AFDspFr</latexit><latexit sha1_base64="7USeWx7Dz6UTSYiUmpzkRY0Mn4Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoqgnorePFYxdhCE8pmM2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWaen0qh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmODg8kYnq+kyDFDE4KFBCN1XAIl9Cxx9dT/3OIygtkvgexyl4ERvEIhScoZFcF+EJ/TCvB6eTfrVmN+wZ6DJpFqRGCrT71S83SHgWQYxcMq17TTtFL2cKBZcwqbiZhpTxERtAz9CYRaC9fHbzhJ4YJaBhokzFSGfq74mcRVqPI990RgyHetGbiv95vQzDSy8XcZohxHy+KMwkxYROA6CBUMBRjg1hXAlzK+VDphhHE1PFhNBcfHmZOGeNq4Z9e15r3RVplMkROSZ10iQXpEVuSJs4hJOUPJNX8mZl1ov1b n3MW0tWMXNI/sD6/AFDspFr</latexit><latexit sha1_base64="7USeWx7Dz6UTSYiUmpzkRY0Mn4Y=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoqgnorePFYxdhCE8pmM2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWaen0qh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmODg8kYnq+kyDFDE4KFBCN1XAIl9Cxx9dT/3OIygtkvgexyl4ERvEIhScoZFcF+EJ/TCvB6eTfrVmN+wZ6DJpFqRGCrT71S83SHgWQYxcMq17TTtFL2cKBZcwqbiZhpTxERtAz9CYRaC9fHbzhJ4YJaBhokzFSGfq74mcRVqPI990RgyHetGbiv95vQzDSy8XcZohxHy+KMwkxYROA6CBUMBRjg1hXAlzK+VDphhHE1PFhNBcfHmZOGeNq4Z9e15r3RVplMkROSZ10iQXpEVuSJs4hJOUPJNX8mZl1ov1b n3MW0tWMXNI/sD6/AFDspFr</latexit>
(c)
<latexit sha1_base64="Kwm0DsBdj11CtLS6xV7kEfMkFZE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXmenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwBCLZFq</latexit><latexit sha1_base64="Kwm0DsBdj11CtLS6xV7kEfMkFZE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXmenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwBCLZFq</latexit><latexit sha1_base64="Kwm0DsBdj11CtLS6xV7kEfMkFZE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXmenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwBCLZFq</latexit>
(b)
<latexit sha1_base64="SoKxpXExriVsjmJEMv4f9be0zCM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhScoZE8D+EJgzCvB6eTXrVmN+wZ6DJxClIjBVq96pfXT3gWQYxcMq27jp2inzOFgkuYVLxMQ8r4iA2ga2jMItB+Prt5Qk+M0qdhokzFSGfq74mcRVqPo8B0RgyHetGbiv953QzDSz8XcZohxHy+KMwkxYROA6B9oYCjHBvCuBLmVsqHTDGOJqaKCcFZfHmZuGeNq4Z9e15r3hVplMkROSZ14pAL0iQ3pEVcwklKnskrebMy68V6t z7mrSWrmDkkf2B9/gBAqJFp</latexit><latexit sha1_base64="SoKxpXExriVsjmJEMv4f9be0zCM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhScoZE8D+EJgzCvB6eTXrVmN+wZ6DJxClIjBVq96pfXT3gWQYxcMq27jp2inzOFgkuYVLxMQ8r4iA2ga2jMItB+Prt5Qk+M0qdhokzFSGfq74mcRVqPo8B0RgyHetGbiv953QzDSz8XcZohxHy+KMwkxYROA6B9oYCjHBvCuBLmVsqHTDGOJqaKCcFZfHmZuGeNq4Z9e15r3hVplMkROSZ14pAL0iQ3pEVcwklKnskrebMy68V6t z7mrSWrmDkkf2B9/gBAqJFp</latexit><latexit sha1_base64="SoKxpXExriVsjmJEMv4f9be0zCM=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahXkoignorePFYxdhCE8pmO2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6 tr6RnmzsrW9s7tX3T940EmmOLg8kYnqBEyDFDG4KFBCJ1XAokBCOxhdT/32Iygtkvgexyn4ERvEIhScoZE8D+EJgzCvB6eTXrVmN+wZ6DJxClIjBVq96pfXT3gWQYxcMq27jp2inzOFgkuYVLxMQ8r4iA2ga2jMItB+Prt5Qk+M0qdhokzFSGfq74mcRVqPo8B0RgyHetGbiv953QzDSz8XcZohxHy+KMwkxYROA6B9oYCjHBvCuBLmVsqHTDGOJqaKCcFZfHmZuGeNq4Z9e15r3hVplMkROSZ14pAL0iQ3pEVcwklKnskrebMy68V6t z7mrSWrmDkkf2B9/gBAqJFp</latexit>
(a)
<latexit sha1_base64="T0imKrMuwRvid5EEXyf4h05fwyk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXqenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwA/I5Fo</latexit><latexit sha1_base64="T0imKrMuwRvid5EEXyf4h05fwyk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXqenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwA/I5Fo</latexit><latexit sha1_base64="T0imKrMuwRvid5EEXyf4h05fwyk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69L BahXkoignorePFYxdhCE8pmu2mXbj7YnYgl9G948aDi1V/jzX/jts1BWx8MPN6bYWZekEqh0ba/rdLK6tr6RnmzsrW9s7tX3T940EmmGHdZIhPVCajmUsTcRYGSd1LFaRRI3g5G11O//ciVFkl8j+OU+xEdxCIUj KKRPA/5EwZhXqenk161ZjfsGcgycQpSgwKtXvXL6ycsi3iMTFKtu46dop9ThYJJPql4meYpZSM64F1DYxpx7eezmyfkxCh9EibKVIxkpv6eyGmk9TgKTGdEcagXvan4n9fNMLz0cxGnGfKYzReFmSSYkGkApC8UZ yjHhlCmhLmVsCFVlKGJqWJCcBZfXibuWeOqYd+e15p3RRplOIJjqIMDF9CEG2iBCwxSeIZXeLMy68V6tz7mrSWrmDmEP7A+fwA/I5Fo</latexit>
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FIG. 1. Schematic of the setup for spin squeezing. (a) We considerN fermionic atoms with two (pseudo-)spin components,
represented by red and blue spheres, trapped in the ground band of an optical lattice (shown in 2D for the sake of presentation).
Atoms tunnel to neighboring sites at a rate J and experience on-site interactions with strength U . An external laser carrying
a position dependent phase eikL·r couples the spin states of the atoms. (b) After a gauge transformation, different spin states
exhibit different dispersion relations with a relative phase φ = kLa, where a is the lattice spacing. The external laser couples
spin states with identical quasi-momenta q in the gauge-transformed frame. (c) If interactions are sufficiently weak, all motional
degrees of freedom become frozen in momentum space, with atoms effectively pinned to fixed quasi-momentum modes q. The
dynamics on the frozen q-space lattice can then be mapped to a spin model in which collisional interactions correspond to a
uniform, all-to-all ferromagnetic Heisenberg Hamiltonian with strength U/L, where L is the total number of lattice sites. (d)
The spin dependence of the dispersion relation is captured by a mode-dependent axial field Bq that generates inhomogeneous
spin precession. This axial field couples exchange-symmetric many-body Dicke states with total spin S = N/2 to spin-wave
states with S = N/2−1. The all-to-all interaction opens an energy gap fU (with f = N/L the filling fraction of spatial modes)
between the Dicke states and the spin-wave states, which forbids population transfer between them in the weak-field limit.
(e) To generate spin squeezing via one-axis twisting, we initialize a product state with all spins polarized in −z (i.e. in |↓〉),
and apply a fast external laser pulse to rotate all spins into x. We then let atoms freely evolve for a variable time t (with a
spin-echo pulse), after which the amount of spin squeezing can be determined experimentally from global spin measurements.
The spin-squeezed state can be used for a follow-up clock interrogation protocol (see Appendix E).
On its own, the collective Heisenberg term (∼ Sˆ · Sˆ)
in Eqn. (3) opens an energy gap fU , with f ≡ N/L
the filling fraction of spatial modes, between the col-
lective Dicke states |S = N/2,MS〉 and the remainder
of Hilbert space[19, 44–46] with S < N/2. Here S
and MS respectively label the eigenvalues of the col-
lective spin operators Sˆ · Sˆ and Sˆz, with eigenvalues
S(S + 1) for non-negative S ∈ {N/2, N/2− 1, · · · } and
MS ∈ {−S,−S + 1, · · · , S}. The axial field Bq generally
couples states within the Dicke manifold to states outside
it. In the weak SOC limit (i.e. Bq  fU), however, the
interaction energy gap suppresses population transfer be-
tween states with different total spin S [see Fig. 1(d)]. In
this regime, the virtual occupation of states outside the
Dicke manifold can be accounted for perturbatively. The
symmetries of SOC as expressed in Eqn. (3) dictate that
this treatment should yield powers of Sˆz when projected
onto the collective Dicke manifold at higher orders in per-
turbation theory. At second order in perturbation the-
ory (see Appendix A), we thus find that SOC effectively
yields a one-axis twisting (OAT) model widely known to
4generate squeezing dynamics[20, 22]:
Hˆeff/~ = −U
L
Sˆ · Sˆ −BSˆz + χSˆ2z , χ ≡
B˜2
(N − 1)fU ,
(4)
where B ≡ ∑q Bq/N is the mean and B˜2 ≡∑
q
(
Bq −B
)2
/N the variance of the axial field. The
effect of the ∼ Sˆ · Sˆ term is to generate a relative phase
between states with different total spin S and thus has no
effect on dynamics restricted to a fixed S. Note also that
the collective spin rotation from BSˆz can be eliminated
by going into a rotating frame or by using a spin echo.
The entire protocol for preparing a squeezed state via
OAT, sketched out in Fig. 1(e), reduces to a standard
Ramsey protocol with a spin echo: after initially prepar-
ing a spin-down (i.e. −zˆ) polarized sample of ultracold
atoms populating the lowest Bloch band of a lattice, a
fast pi/2 pulse is applied with the clock laser to rotate all
spin vectors into +xˆ. The atoms then freely evolve for a
variable time t (possibly with spin-echo pi-pulses), after
which the amount of metrologically useful spin squeezing,
measured by the Ramsey squeezing parameter
ξ2 ≡ min
θ
〈var(Sˆ⊥θ )〉 ×N/|〈Sˆ〉|
2
, (5)
can be determined experimentally from global spin mea-
surements. Here 〈Sˆ〉 is the mean collective spin vector
and 〈var(Sˆ⊥θ )〉 is the variance of spin measurements along
an axis orthogonal to 〈Sˆ〉, parameterized by the angle
θ ∈ [0, 2pi).
The above protocol concerns only the preparation of
a spin-squeezed state, which would then be used as an
input state for a follow-up clock interrogation protocol
without SOC. While increasing the lattice depth to turn
off SOC during clock interrogation is the simplest ap-
proach, this will limit the interrogation time due to light
scattering (see discussion below). Alternatively, it is pos-
sible to keep the same lattice depth used for the spin
squeezing generation by adding a specific pulse sequence
to suppress SOC. See details in Appendix E.
A. Model validity
The validity of the OAT model in Eqn. (4) relies on
two key conditions concerning experimental parameter
regimes. First, the on-site interaction energy U should
not be much larger in magnitude than the tunneling rate
J (clarified below); otherwise, one cannot assume frozen
motional degrees of freedom (i.e. with atoms pinned
to fixed quasi-momentum modes) and map the Fermi-
Hubbard model to a spin model. Second, the SOC-
induced fields Bq ∼ J sin(φ/2) should be considerably
smaller in magnitude than the interaction energy gap
fU , as otherwise one cannot perturbatively transform
SOC into OAT. These two conditions can be satisfied by
appropriate choices of U/J and the SOC angle φ, which
are respectively controlled by tuning the lattice depth
and changing the angle between the clock laser and the
lattice axes [see Fig. 1(a)].
We demonstrate the importance of these conditions in
Fig. 2, where we show numerical results from exact sim-
ulations of a 1D system with L = 12 sites. Therein, opti-
mal squeezing achievable under unitary dynamics is pro-
vided in dB, i.e. −10 log10(ξ2opt), while the time at which
this squeezing occurs is provided in units of the nearest-
neighbor tunneling time 2pi/J . At f = 1 atom per lat-
tice site, i.e. half filling of all atomic states in the low-
est Bloch band, the spin model [Eqn. (3)] agrees almost
exactly with the Fermi-Hubbard (FH) model [Eqn. (2)]
up through (and exceeding) U/J = 8. The agreement
at half filling (f = 1) is assisted by Pauli blocking of
mode-changing collisions. Below half filling (f = 5/6),
these two (FH and spin) models show good agreement
at U/J . 2, while at U/J & 2 mode-changing collisions
start to become relevant and invalidate the frozen-mode
assumption of the spin model. Note that we chose filling
f = 5/6 to demonstrate that our protocol should work,
albeit sub-optimally, even in this highly hole-doped case;
in practice, optimized experiments are capable of achiev-
ing fillings closer to the optimal f = 1[47]. Interestingly,
even with mode-changing collisions the Fermi-Hubbard
model exhibits comparable amounts of squeezing to the
spin model, and achieves this squeezing in less time. The
spin and OAT models agree in the regime of weak SOC
with B˜ ∼ J sin(φ/2) fU , and exhibit different squeez-
ing behaviors outside this regime as single-particle spin
dephasing can no longer be treated as a weak perturba-
tion to the spin-locking interactions.
In realistic implementations, the Gaussian profile of
the laser beams always introduces an additional effective
harmonic potential that modifies the translational invari-
ance assumed so far. We present a detailed discussion of
the role of the harmonic trap in Appendix I, where we
demonstrate that the addition of harmonic confinement
barely modifies the achievable spin squeezing with cur-
rently accessible trapping frequencies. We find that the
existence of single-particle localized modes in the lattice
with harmonic confinement[48, 49] helps to protect spin
squeezing and shifts the optimal parameter window to
U/J & 2.
B. Two-axis twisting
The above scheme for OAT achieves optimal spin
squeezing that scales as ξ2opt ∼ N−2/3 with minimal in-
tervention, i.e. a standard Ramsey protocol. Further im-
provements upon this scheme can be made by introduc-
ing a time-dependent driving field that transforms the
OAT Hamiltonian into a two-axis twisting (TAT) one.
While the OAT model initially generates squeezing faster
than the TAT model, the squeezing generation rate of
OAT (measured in dB per second) falls off with time,
5FIG. 2. Benchmarking the spin and one-axis twisting models. Comparisons of maximum squeezing (top panels, a.i
and b.i) and optimal squeezing time (lower panels, a.ii and b.ii) between the Fermi-Hubbard (FH), spin, and one-axis twisting
(OAT) models; obtained numerically via the protocol depicted in Fig. 1(e) in a 1D lattice with L = 12 sites. Results are shown
for half filling with N = 12, f ≡ N/L = 1 (left panels, a.i and a.ii) and filling f = 5/6 (right panels, b.i and b.ii) as a function
of U/J and the SOC angle φ. In both cases, the system is initialized in the corresponding ground state. Insets for both f = 1
and f = 5/6 show (in green) regions of the U -φ plane in which both the optimal squeezing (in dB) and the corresponding
squeezing time of all three models agree to within 20%. At half filling (a.i and a.ii), mode-changing collisions are suppressed
by Pauli blocking, resulting in almost exact agreement between the FH and spin models; both of these models converge onto
the OAT model in the gap-protected, weak SOC regime of large U/J and small φ. The spin and OAT models show similar
behavior away from half filling (b.i and b.ii), but the presence of mode-changing collisions results in their disagreement with
the FH model as interactions begin to dominate at larger U/J . Even below half filling, however, the FH exhibits comparable
amounts of squeezing to the spin model across a broad range of U/J and φ, albeit at earlier times when U/J & 2.
while the squeezing generation rate for TAT remains ap-
proximately constant until reaching Heisenberg-limited
amount of spin squeezing with ξ2opt ∼ N−1[20].
There are two general strategies for converting OAT
into TAT: by use of either a pulsed[50] or continuous[51]
drive protocol. For simplicity, we consider the latter in
this work, although the pulsed protocol could provide
additional advantages, as explained at the end of Ap-
pendix E. Following the prescription in Ref. [51], we use
the clock laser to apply an amplitude-modulated drive
Hˆdrive(t)/~ = Ω0 cos(ωt)Sˆx. If the modulation frequency
ω satisfies ω  Nχ and J0 (2Ω0/ω) = ±1/3, where
χ is the OAT squeezing strength in Eqn. (4) and J0
is the zero-order Bessel function of the first kind, then
up to (i) an ∼ Sˆ · Sˆ term that contributes only overall
phase factors, and (ii) an ∼ Sˆz term that can be elimi-
nated with a simple dynamical decoupling pulse sequence
(see Appendix D), the effective Hamiltonian becomes
Hˆ
(+)
TAT/~ = (χ/3)(Sˆ2z − Sˆ2x) or Hˆ(−)TAT/~ = (χ/3)(Sˆ2y − Sˆ2x)
(see Appendix C), which squeezes an initial state polar-
ized along the y or z axis, respectively.
III. EXPERIMENTAL IMPLEMENTATION
AND PRACTICAL CONSIDERATIONS
Thus far, we have largely considered the general prepa-
ration of spin-squeezed states with the Fermi-Hubbard
model. Here, we discuss the specific implementation of
the above protocols in the state-of-the-art 3D 87Sr opti-
cal lattice clock (OLC). If successful, such an implemen-
tation would (to our knowledge) for the first time break
through the proof-of-principle stage of spin squeezing ef-
forts, and achieve a genuine metrological enhancement of
6a world-class quantum sensor.
As required for our protocol, 3D 87Sr OLC has demon-
strated the capability to load a quantum degenerate gas
into a 3D lattice at the “magic wavelength” (λlattice =
2a ≈ 813 nm) for which both the ground (1S0, ↓) and first
excited (3P0, ↑) electronic states (i.e. the “clock states”)
of the atoms experience the same optical potential[4].
Furthermore, the 3D 87Sr OLC currently operates at
sufficiently low temperatures to ensure vanishing pop-
ulation above the lowest Bloch band, such that its dy-
namics are governed by the Fermi-Hubbard Hamiltonian
[Eqn. (2)][43].
An external clock laser with wavelength λL ≈ 698
nm resonantly interrogates the 1S0 and
3P0 states of
the atoms and generates spin-orbit coupling (SOC)[30].
While the relative wavelengths of the lattice and clock
lasers do not allow for weak SOC along all three lattice
axes, weak SOC along two axes can be implemented by,
for example, (i) fixing a large lattice depth along the z
axis, effectively freezing atomic motion along z, and then
(ii) making the clock laser nearly collinear with the z
axis, with only a small projection of its wavenumber kL
onto the x-y plane [see Figure 1(a)]. The entire 3D OLC
then factorizes into an array of independent 2D systems
with N = f`2 atoms each, where ` is the number of lat-
tice sites along each axis of the lattice. As in the 1D case,
atoms within the 2D system experience all-to-all interac-
tions, as well as spin-orbit coupling along two directions
characterized by SOC angles φx,y = k
x,y
L a. Generally
speaking, higher-dimensional systems (e.g. 2D vs. 1D) are
more desirable because they allow packing more interact-
ing atoms into a fixed system volume, thereby increasing
the maximally attainable amount of spin squeezing.
Figure 3 shows, for both OAT and TAT protocols, the
maximally attainable amount of spin squeezing and the
shortest time at which it occurs as a function of the lattice
depth V0 and linear lattice size ` in a single half-filled 2D
layer (i.e. f = 1, N = `2) of the 3D OLC. Atoms are
confined along the direction transverse to the 2D layer
by a lattice of depth 60 ER, where ER is the atomic
lattice recoil energy. The maximally attainable amount
of spin squeezing by each protocol in Fig. 3 depends only
on the atom number N , while the shortest attainable
time is determined by choosing the largest SOC angles
φx = φy ≡ φ which saturate B˜/U ≈ 0.05. We impose
this constraint on B˜/U to ensure validity of the OAT
Hamiltonian perturbatively derived in Appendix A (see
also Appendix B).
Currently, light scattering from the lattice beams in-
duces decoherence of the clock on a time scale of ∼ 10
seconds[18, 35], which is much shorter than the natural
3P0 lifetime of ∼ 160 seconds (see Appendix F). This
limitation imposes significant constraints on achievable
spin squeezing, as shown in Figure 4 where the maximal
squeezing with spin decay in the OAT case was deter-
mined using exact expressions for spin correlators derived
in Ref. [52], while in the TAT case these correlators were
determined by solving Heisenberg equations of motion
for collective spin operators[53] (see Appendix H). Due
to the fast growth of Heisenberg operators in systems
with all-to-all interactions, the latter method is not al-
ways capable of simulating up to the optimal squeezing
time, and thus only provides a lower bound on the max-
imal squeezing theoretically obtainable via TAT.
The results in Fig. 4 show that squeezing via OAT
saturates with system size around N ≈ 103 (` ≈ 30),
while TAT allows for continued squeezing gains through
N = 104 (` = 100). Even with decoherence, our protocol
may realistically generate ∼ 10–14 dB of spin squeezing
in ∼ 1 second with ∼ 102–104 atoms in a 2D section of
the lattice, which is compatible with the atom numbers
and interrogation times of state-of-the-art optical lattice
clocks[4, 5]. This amount of spin squeezing exceeds those
reported in the ground-state nuclear spin sublevels of a
state-of-the-art 171Yb OLC (∼ 6.5 dB)[54]. While the
latter protocol might be used to transfer spin squeezing
to the electronic clock state, to date there has been no
demonstration of spin squeezing in an optical clock tran-
sition.
In addition to light scattering, p-wave losses from in-
elastic 3P0 collisions[17, 19, 55] can also degrade the max-
imum achievable spin squeezing, which becomes more
pronounced for shallower lattices. More details on p-wave
losses are discussed in Appendix J, where we show that
operating at lattice depths V0 & 7ER may be necessary to
suppress the impact of inelastic collisions on spin squeez-
ing, at the cost of slightly increasing light scattering.
The sources of decoherence considered above are not
fundamental, and can be avoided by, for instance, using
two nuclear spin levels as spin-1/2 degrees of freedom
that are interrogated by far-detuned Raman transitions
instead of a direct optical transition[56]. The strength of
SOC for Raman transitions is tunable and, moreover, the
lifetimes of ground nuclear spin levels are longer than 100
seconds in the lattice[18]. In this case, our protocol for
preparing a squeezed state would additionally end with a
coherent state transfer from nuclear to electronic degrees
of freedom to retain metrological utility for the atomic
clock. If, for example, the −9/2 and −7/2 nuclear spin
states are used for the preparation of a squeezed state,
then the collective-spin entanglement of atoms can be
transferred to electronic states at the end of the spin
squeezing protocol with a σ− polarized pi pulse. Such a
pulse can transfer |g,−7/2〉 to |e,−9/2〉 without affecting
|g,−9/2〉, where g and e respectively denote the ground
and excited (electronic) clock states.
IV. CONCLUSIONS
We have proposed a new protocol to generate spin
squeezing in a fermionic 3D optical lattice clock by
combining nominally undesirable atomic collisions with
spin-orbit coupling. To our knowledge, this is the first
proposal to use quantum correlations in a many-body
fermionic system to push state-of-the-art quantum sen-
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FIG. 3. Optimal squeezing with one- and two-axis twisting in a 2D section of the 3D 87Sr optical lattice clock. (a) The
maximum amount of squeezing depends only on the atom number N = `2, where ` is the number of lattice sites along each
axis of the lattice. While the time scales for squeezing generally depend on several experimental parameters, the time at which
maximal squeezing occurs can be minimized at any given lattice depth V0 by choosing SOC angles φ that saturate B˜/U ≈ 0.05,
where B˜ is the variance of the SOC-induced axial field and U is the two-atom on-site interaction energy. Panels (b, c) show
these minimal squeezing times as a function of the depth V0 and linear size ` of the lattice. Lattice depths V0 are normalized
to the atomic lattice recoil energy ER, and the upper axis on panels (b, c) marks values of U/J at fixed lattice depths. In
general, TAT achieves more squeezing than OAT for any system size, and achieves optimal squeezing faster for N & 400 atoms,
as denoted by a dotted line in panels (b, c).
sors beyond the independent-particle regime, thereby
achieving a genuine quantum advantage. Such capability
could allow for major improvements in clock sensitivity
and bandwidth, enhancing not only traditional timekeep-
ing applications such as measurement standards, naviga-
tion (GPS), and telecommunications, but also geodesy
and gravitational wave detection, precision tests of fun-
damental physics, and the search for new physics beyond
the standard model[42].
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Appendix A: Derivation of the effective
one-axis-twisting model
Suppose we have a Hamiltonian of the form (~ = 1)
H = H0 + V, (A1)
with
H0 = −U
L
S · S, V = −
∑
n
Bns
(n)
z + ΩSx, (A2)
and we consider N -particle states initially in the ground-
state manifold G0 of H0, which have total spin S = N/2.
If the largest eigenvalue of V is smaller in magnitude
than half of the collective spin gap NU/L = fU , i.e. the
energy gap under H0 between G0 and its orthogonal com-
plement E0, then we can formally develop a perturba-
tive treatment for the action of V on G0. Such a treat-
ment yields an effective Hamiltonian on G0 of the form
Heff =
∑
pH
(p)
eff , where H
(p)
eff is order p in V . Letting P0
(Q0) be a projector onto G0 (E0), we define the super-
operators O and L by
OV ≡ P0VQ0 +Q0V P0, (A3)
LV ≡
∑
α,β
|α〉〈α| OV |β〉〈β|
Eα − Eβ , (A4)
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FIG. 4. Optimal squeezing with decoherence via one- and two-axis twisting in a 2D section of the 3D 87Sr optical lattice
clock (OLC). In practice, decoherence due to light scattering limits the amount of squeezing that is attainable in the the 3D 87Sr
OLC. Due to growing squeezing times with increasing system size, the maximal squeezing obtainable via OAT saturates past
` ≈ 30 sites along each axis of the lattice, with N ≈ 103 atoms total. The more favorable size-dependence of TAT time scales,
however, allow for continued squeezing gains through ` = 100 (N = 104). While the OAT results in (a) are exact, the TAT
results in (b) reflect only a lower bound on the maximum squeezing obtainable, albeit one that is likely close (within a few dB)
to the actual value. Optimal squeezing times in the presence of decoherence are generally smaller than the corresponding times
shown in Fig. 3, as decoherence typically degrades squeezing before it reaches the decoherence-free maximum. The decoherence
considered in this work also limits maximally achievable squeezing to ∼ 20 dB less than the decoherence-free maxima shown in
Fig. 3. Sample plots of squeezing over time for particular choices of lattice size (`) and depth (V0/ER) are provided in Appendix
G.
where H0 =
∑
αEα |α〉〈α|. The first few terms in the
expansion of the effective Hamiltonian Heff are then, as
derived in Ref. [57],
H
(0)
eff = P0H0P0, H(1)eff = P0V P0, (A5)
and
H
(2)
eff = −
1
2
P0 [OV,LV ]− P0, (A6)
with [X,Y ]− ≡ XY − Y X. The zero-order effective
Hamiltonian H
(0)
eff = H0 within the ground-state mani-
fold. To calculate H
(1)
eff , we note that the ground-state
manifold G0 is spanned by the Dicke states
|m〉 ∝ SN/2+m+ |↓〉⊗n , S+ ≡
∑
n
s
(n)
+ , (A7)
in terms of which we can expand the collective spin-z
operator as Sz =
∑
mm |m〉〈m|. We can likewise expand
the collective spin-x operator Sx in terms of x-oriented
Dicke states |mx〉 as Sx =
∑
mm |mx〉〈mx|. The ground-
state projector P0 onto G0 can be expanded in either
basis as P0 =
∑
m |m〉〈m| =
∑
m |mx〉〈mx|. Defining the
mean and residual fields
B ≡ 1
N
∑
n
Bn, bn ≡ Bn −B, (A8)
we can then write
V = −
∑
n
(
bn +B
)
s(n)z + ΩSx
= −
∑
n
bns
(n)
z −BSz + ΩSx, (A9)
and in turn
H
(1)
eff = P0
(
−
∑
n
bns
(n)
z −BSz + ΩSx
)
P0
= −
∑
n
bnP0s(n)z P0 −BSz + ΩSx, (A10)
where we used the fact that P0Sj=z,xP0 = Sj within
the ground-state manifold. By construction, the residual
fields are mean-zero, i.e.
∑
n bn = 0. Using the particle-
exchange symmetry of the Dicke states, we can therefore
expand∑
n
bnP0s(n)z P0 =
∑
n,m,m′
bn |m〉〈m| s(n)z |m′〉〈m′|
=
∑
n
bn
∑
m,m′
|m〉〈m| s(1)z |m′〉〈m′| = 0, (A11)
which implies
H
(1)
eff = −BSz + ΩSx. (A12)
9To calculate the second-order effective Hamiltonian H
(2)
eff ,
we let B0 (E0) denote an eigenbasis of H0 for the excited
subspace E0, and set the ground-state energy to 0. We
then define the operator
I ≡
∑
|α〉∈B0(E0)
|α〉〈α|
Eα
, (A13)
which sums over projections onto excited states with
corresponding energetic suppression factors, in terms of
which we can write
H
(2)
eff = −P0V IV P0, (A14)
which is simply an operator-level version of the text-
book expression for second-order perturbation theory.
The only part of V which is off-diagonal with respect
to the ground- and excited-state manifolds G0 and E0 is
−∑n bns(n)z , and the individual spin operators in this
remainder can only change the total spin S by at most
1. It is therefore sufficient to expand I in a basis for
states which span the image of G0 under all s(n)z within
the S = N/2 − 1 manifold. Such a basis is provided by
the spin-wave states
|mk〉 ∝
N∑
n=1
e2piikn/Ns
(n)
+ |m− 1〉 , (A15)
for k = 1, 2, · · · , N − 1[25]. Using the fact that all spin-z
operators preserve the projection of total spin onto the z
axis, we then have that
H
(2)
eff = −
1
fU
∑
m,k,n,n′
bnbn′ |m〉〈m| s(n)z |mk〉
× 〈mk| s(n′)z |m〉〈m| , (A16)
where the relevant matrix elements between the Dicke
states and the spin-wave states are[25]
〈
m
∣∣∣ s(n)z ∣∣∣mk〉 = e2piikn/N
√
(N/2)2 −m2
N2(N − 1) , (A17)
which implies
H
(2)
eff = −
1
fU
∑
m
(N/2)2 −m2
N2(N − 1) |m〉〈m|
×
∑
k,n,n′
bnbn′e
2piik(n−n′)/N . (A18)
Using the fact that
∑
n bn = 0, we can expand∑
k,n,n′
bnbn′e
2piik(n−n′)/N =
∑
n,n′
bnbn′
N−1∑
k=1
e2piik(n−n
′)/N
=
∑
n,n′
bnbn′
N−1∑
k=0
e2piik(n−n
′)/N ,
(A19)
where the sum over k vanishes for n 6= n′ and equals N
when n = n′, so∑
k,n,n′
bnbn′e
2piik(n−n′)/N = N2B˜2, (A20)
where
B˜2 ≡ 1
N
∑
n
b2n =
1
N
∑
n
(
Bn −B
)2
. (A21)
We therefore have that
H
(2)
eff = −
∑
m
(N/2)
2 −m2
(N − 1) fU B˜
2 |m〉〈m| , (A22)
where the (N/2)
2
term contributes a global energy shift
which we can neglect, while the m2 term is proportional
to m2 |m〉〈m| = S2z . In total, the effective Hamiltonian
through second order in perturbation theory is thus
Heff = −U
L
S · S −BSz + ΩSx + χS2z , (A23)
with
χ ≡ B˜
2
(N − 1) fU . (A24)
We benchmark the validity of this effective Hamiltonian
via exact simulations of the spin [Eqn. (3)] and OAT
[Eqn. (4)] Hamiltonians in a system of 20 spins, finding
that the relative error in maximal squeezing (in dB) of
the OAT model is less than 3% when B˜/U < 0.06 (see
Appendix B).
Appendix B: Numerical benchmarking of the OAT
model
Here we provide additional information about our
benchmarking of the one-axis twisting model against the
spin model. This benchmarking was performed via ex-
act simulations of a 20-spin system. Fig. B1 shows the
relative error in maximal squeezing of the OAT model
(measured against the spin model) as a function of the
reduced field variance B˜/U . Here squeezing is measured
in decibels (dB) by −10 log10 ξ2 for the squeezing param-
eter ξ2 define in Eqn. (5). The relative error in maximal
squeezing (in dB) by the OAT model is less than 3% when
B˜/U < 0.06.
In principle, spin-changing decoherence compromises
the validity of the OAT model, as its perturbative deriva-
tion in Appendix A relies on spin population remaining
primarily within the Dicke manifold. This assumption
breaks down in the presence of, for example, sponta-
neous emission, which transfers population outside of the
Dicke manifold. Nonetheless, we find decent agreement
between the OAT and spin models when decoherence is
sufficiently weak (see Fig. B2).
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FIG. B1. Relative error between maximal squeezing (mea-
sured in dB) obtained by the OAT [Eqn. (4)] and spin
[Eqn. (3)] models of the main text in a system of 20 particles.
The OAT model correctly captures the maximal squeezing (in
dB) of the spin model to within 3% (marked by the horizontal
reference line) within the gap-protected regime B˜/U < 0.06.
Appendix C: Two-axis twisting, decoherence, and
the residual axial field
The protocol we use to transform one-axis twisting
(OAT) into two-axis twisting (TAT) is as previously pro-
posed in Ref. [51]; we provide a summary of this protocol
here, in addition to some brief discussion of its implica-
tions for decoherence and the residual ∼ S · S and ∼ Sz
terms of our OAT protocol. The TAT protocol begins
with the OAT Hamiltonian with a time-dependent trans-
verse field,
H = χS2z + Ω (t)Sx, Ω (t) = βω cos (ωt) , (C1)
where β is the modulation index of the driving field and
the drive frequency ω  Nχ, with N the total number
of spins. Moving into the rotating frame of Ω (t)Sx sub-
tracts this term from the Hamiltonian, and transforms
operators O as
O → U (t)†OU (t) , (C2)
where
U (t) ≡ exp
[
−i
∫ t
0
dτ Ω (τ)Sx
]
= exp [−iβ sin (ωt)Sx] .
(C3)
In particular, the operators S˜± ≡ −Sz ± iSy (i.e. the
raising and lowering operators in the x basis) transform
simply as
S˜± → U†S˜±U = e±iβ sin(ωt)S˜±. (C4)
For any operator O and drive frequency ω  ‖O‖, where
‖O‖ ≡ maxψ
√
〈ψ|O†O|ψ〉 is the operator norm of O
(i.e. the magnitude of the largest eigenvalue of O), we
can generally make a secular approximation to say
e±imβ sin(ωt)O =
∞∑
n=−∞
Jn (±mβ) einωtO
≈ J0 (±mβ)O = J0 (mβ)O, (C5)
where Jn is the n-th order Bessel function of the first
kind. Expanding S2z =
1
4
(
S˜+ + S˜−
)2
, one can thus work
out that the effective Hamiltonian in the rotating frame
of the drive is
Heff ≈ χ
2
(
[1 + J0 (2β)]S2z + [1− J0 (2β)]S2y
)
. (C6)
Driving with a modulation index β for which J0 (2β) =
±1/3 then gives us the effective two-axis twisting Hamil-
tonians
H
(+)
eff =
χ
3
(
2S2z + S
2
y
) ' χ
3
(
S2z − S2x
)
, (C7)
H
(−)
eff =
χ
3
(
S2z + 2S
2
y
) ' χ
3
(
S2y − S2x
)
, (C8)
where ' denotes equality up to the addition of a term
proportional to S2 = S2z +S
2
x +S
2
y , which is irrelevant in
the absence of coherent coupling between states with dif-
ferent net spin. In a similar spirit, one can work out that
single-spin operators transverse to the x-axis transform
as
s˜± ≡ 1
2
(−sz ± isy)
→ U†s˜±U = e±iβ sin(ωt)s˜± ≈ J0 (β) s˜±, (C9)
which implies that shifting into the rotating frame of the
time-dependent drive takes
sx → sx, sy,z → J0 (β) sy,z, (C10)
and
s± → 1
2
[1± J0 (β)] s+ + 1
2
[1∓ J0 (β)] s−. (C11)
As the TAT Hamiltonians H
(±)
eff are realized in a rotating
frame, to properly account for decoherence throughout
the TAT protocol one must transform jump operators
according to Eqns. (C10)-(C11).
In practice, our protocols realize the OAT Hamiltonian
in Eqn. (C1) with additional ∼ S ·S and ∼ Sz terms [see
Eqn. (A23)]. The effect of the ∼ S · S term is to gen-
erate a relative phase between states with different total
spin S (with e.g. S = N/2 within the Dicke manifold).
In the absence of coherent coupling between states with
different total spin, therefore, the ∼ S · S term has no
effect on system dynamics. The ∼ Sz term, meanwhile,
is important; the magnitude of this term (as measured
by the operator norm) is generally comparable to that
of the squeezing term χS2z . Unlike in the case of OAT,
Sz does not commute with the TAT Hamiltonians, so its
effects cannot be eliminated by a single spin-echo pi-pulse
exp (−ipiSx) half way through the squeezing protocol.
Nonetheless, we find that for N = 102 (103) atoms, ∼ 5
(10) pi-pulses in a CPMG (Carr-Purcell-Meiboom-Gill)
sequence[58, 59] suffice to mitigate the effects of the Sz
term in the TAT protocol (see Appendix D). Phase con-
trol over these pulses, specifically choices of whether to
apply exp (±ipiSx) or exp (±ipiSy) in any given pi-pulse,
can be used to construct XY-n pulse sequences[60, 61]
that are robust to pulse errors.
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FIG. B2. Comparison between the OAT and the spin model in the presence of decoherence. (a) The difference
between the maximal squeezing (measured in dB) obtained by the OAT [Eqn. (4)] and spin [Eqn. (3)] models increases with the
particle number N and the single-particle spontaneous emission rate γ. This disagreement is attributed in part to the fact that
spontaneous emission transfers population of the collective spin state outside of the Dicke manifold, violating an assumption
of the OAT model; see panel (b). The rate of population transfer outside of the Dicke manifold increases with both particle
number and spontaneous emission rate. (Parameters for simulations in this figure: U = 1000 Hz, J = 200 Hz, and φ = pi/20).
Appendix D: Dynamical decoupling in the TAT
protocol
The effective Hamiltonian resulting from a perturba-
tive treatment of SOC is (see Appendix A)
Heff = −U
L
S · S −BSz + ΩSx + χS2z , (D1)
where U is a two-atom on-site interaction strength; L is
the number of lattice sites; B ≡ ∑nBn/N is a residual
axial field determined by the occupied quai-momentum
modes {n} (with |{n}| = N atoms total); Ω is the magni-
tude of a driving field; and χ is an effective OAT squeez-
ing strength. The effect of the ∼ S ·S term is to generate
a relative phase between states with different total spin
S (where S = N/2 within the Dicke manifold). In the
absence of coherent coupling between states with differ-
ent total spin, therefore, the ∼ S ·S term has no effect on
system dynamics, and we are safe to neglect it entirely.
In the parameter regimes relevant to our discussions
in the main text, the operator norms of BSˆz and χSˆ
2
z
in Eqn. (D1) will typically be comparable in magnitude.
The OAT protocol sets Ω = 0, and eliminates the effect of
BSˆz with a spin-echo pi-pulse exp
(
−ipiSˆx
)
applied half
way through the squeezing protocol. The TAT protocol,
meanwhile, effectively takes χSˆ2z + ΩSˆx → Hˆ(±)TAT (as de-
fined in Appendix C) and BSˆz → J0 (β±)BSˆz, where
J0 is the zero-order Bessel function of the first kind and
β± is the modulation index of the amplitude-modulated
driving field Ω, satisfying J0 (2β±) = ±1/3. Unlike in
the case of OAT, Sˆz does not commute with the TAT
Hamiltonian, so its effect cannot be eliminated with a
spin-echo. Nonetheless, this term can be eliminated with
a dynamical decoupling pulse sequence that periodically
inverts the sign of Sˆz while preserving Hˆ
(±)
TAT.
Fig. D1 shows the maximal squeezing generated by
N = 102 and 103 atoms via OAT, TAT, and TAT in
the presence of the mean field J0 (β±)BSˆz as a function
of the number of pi-pulses performed prior to the opti-
mal TAT squeezing time. These pulses are applied in
a CPMG sequence (τn/2− pix − τn/2)n, where τn/2 de-
notes Hamiltonian evolution for a time τn/2, pix denotes
the application of an instantaneous pi-pulse exp
(
−ipiSˆx
)
,
and n is the number of pulses, such that the optimal
TAT squeezing time is tTATopt = (τn)
n
. The label TAT±,z
in Fig. D1 denotes squeezing through the Hamiltonian
Hˆ
(±,z)
TAT ≡ Hˆ(±)TAT − J0 (β±)
〈
B
〉rms
f
Sˆz, where
〈
B
〉rms
f
is
the root-mean-square average of B over choices of oc-
cupied spacial modes {n} at fixed filling f of all spatial
modes in the lowest Bloch band of a periodic 2D lat-
tice. While the modulation index β+ is uniquely defined
by J0 (2β+) = 1/3, there are two choices of β− for which
J0 (2β−) = −1/3; we use that which minimizes |J0 (β−)|.
Fig. D1 assumes an SOC angle φ = pi/50 (although re-
sults are independent of φ for φ 1), a reduced field vari-
ance B˜/U = 0.05, and a filling f = 5/6. Note that as the
filling f → 1, the residual axial field vanishes (B → 0),
so TAT±,z → TAT.
Appendix E: Clock interrogation after squeezing
The protocols in our work concern the preparation of
spin-squeezed states in an optical lattice clock. Here, we
discuss the use of these states in a follow-up clock interro-
gation protocol. For simplicity, we restrict our discussion
to the case of squeezing in 1D, as in Section II of the main
text, with the understanding that a generalization of this
discussion to higher dimensions is straightforward.
A spin-squeezed state is generated by interactions and
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FIG. D1. Optimal squeezing as a function of pi-pulses applied prior to the optimal TAT squeezing time in a CPMG
sequence with (a) N = 100 and (b) N = 1000 atoms. Results are shown for OAT, TAT, and TAT±,z, where TAT±,z denotes
squeezing via the Hamiltonian Hˆ
(±,z)
TAT ≡ Hˆ(±)TAT−J0 (β±)
〈
B
〉rms
f
Sˆz. Details about experimental parameters for these simulations
are provided in the text.
SOC that are generally undesirable during the clock in-
terrogation protocol. In the parameter regimes consid-
ered in our work, interactions alone have no effect on
clock interrogation: absent of coherence between states
with different net spin S, collective S ·S interactions only
generate unobservable global phases within each fixed-S
sector of Hilbert space. Therefore, the remaining task to
allow clock interrogation after spin squeezing is to turn off
SOC, which inhomogeneously detunes atomic transition
frequencies by an amount Bq that depends on the quasi-
momentum q of an atom. The SOC-induced axial fields
Bq ∼ J sin(φ/2) depend on two tunable parameters: the
tunneling rate J and the SOC angle φ. The simplest way
to turn off SOC is thus to increase the lattice depth prior
to clock interrogation, taking J ∼ Bq → 0. Increasing
the lattice depth to turn off SOC is compatible with the
current clock interrogation sequence, but is incompati-
ble with ongoing efforts to mitigate light scattering from
the lattice beams (currently the primary source of deco-
herence in the clock; see Appendix F) by using shallower
lattices[35]. We thus devote the rest of this section to dis-
cussing strategies for turning off SOC that are compatible
with using the same lattice depth for clock interrogation
as the spin squeezing generation.
If we cannot take the tunneling rate J → 0, our remain-
ing control parameter for turning off SOC is the SOC
angle φ = kLa, where kL is the projection of the clock
laser wavenumber onto the lattice axis and a is the lattice
spacing. The squeezing protocol needs a clock laser with
a small but nonzero SOC angle φ  1, while the clock
interrogation protocol requires a clock laser with φ = 0.
Simply using one clock laser with φ 6= 0 for the squeez-
ing protocol and another clock laser with φ = 0 for the
clock interrogation protocol, however, does not resolve
this discrepancy, because a state that is squeezed with
respect to spin operators that are homogeneous (i.e. of
the form Sx, Sy, Sz) in a particular gauge is not necessar-
ily squeezed with respect to spin operators that are ho-
mogeneous in a different gauge. In this appendix, we will
work explicitly in the “lab gauge” of the clock interroga-
tion protocol, in which the Fermi-Hubbard Hamiltonian
is SOC-free and the φ = 0 clock laser is homogeneous.
To resolve the fact that our squeezing protocol prepares
a state that is squeezed in the “wrong gauge”, we will
construct a simple pulse sequence that transforms the
inhomogeneous spin operators accessible by the φ 6= 0
laser into a homogeneous form in our lab gauge.
Starting with a spin-down-polarized initial state
|−Z〉 ≡
∏
j
c†j,↓
 |vacuum〉 , (E1)
our OAT protocol prepares the state∣∣∣ξ(θ)OAT〉 = e−iH(0)FHte−i(pi/2)S(θ)x |−Z〉 , (E2)
where H
(0)
FH is the Fermi-Hubbard Hamiltonian in
Eqn. (2) without SOC; t is some free evolution time; and
S
(θ)
x is the “rotated” spin-x-like generator induced by a
clock laser with SOC angle φ = θ, namely
S(θ)x =
1
2
∑
j
eiθjc†j,↑cj,↓ + h.c.. (E3)
Defining on-site spin operators (in the lab gauge)
s(j)z ≡
1
2
(
c†j,↑cj,↑ − c†j,↓cj,↓
)
(E4)
s(j)x ≡
1
2
(
c†j,↑cj,↓ + c
†
j,↓cj,↑
)
(E5)
s(j)y ≡
i
2
(
c†j,↓cj,↑ − c†j,↑cj,↓
)
, (E6)
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we can identify the rotated collective spin operators
S(θ)x ≡
∑
j
(
cos (θj) s(j)x + sin (θj) s
(j)
y
)
, (E7)
S(θ)y ≡
∑
j
(
cos (θj) s(j)y − sin (θj) s(j)x
)
. (E8)
The state
∣∣∣ξ(θ)OAT〉 is squeezed with respect to components
of the rotated collective spin vector Sθ ≡
(
S
(θ)
x , S
(θ)
y , Sz
)
.
Therefore, to take advantage of the squeezing in
∣∣∣ξ(θ)OAT〉,
the clock interrogation protocol effectively needs to ro-
tate this state by some unitary exp (−iη · Sθ), and then
extract information about the rotation vector η from col-
lective spin observables of the form
〈Oθ〉ηOAT ≡
〈
ξ
(θ)
OAT
∣∣∣ eiη·SθOθe−iη·Sθ ∣∣∣ ξ(θ)OAT〉 , (E9)
where Oθ is some product of the rotated collective
spin operators in Sθ, e.g. S
(θ)
x or S
(θ)
x S
(θ)
y . In or-
der to turn off SOC during clock interrogation, how-
ever, we are restricted to performing rotations of the
form exp (−iη · S0) and measuring homogeneous oper-
ators O0. We thus seek a “gauge-switching” operation
Gθ that maps homogeneous operators O0 onto rotated
operators Oθ via G†θO0Gθ = Oθ. Equipped with Gθ, we
could decompose
〈Oθ〉ηOAT =
〈
ξ
(θ)
OAT
∣∣∣G†θeiη·S0O0e−iη·S0Gθ ∣∣∣ ξ(θ)OAT〉
=
〈
ξ˜
(θ)
OAT
∣∣∣ eiη·S0O0e−iη·S0 ∣∣∣ ξ˜(θ)OAT〉 (E10)
for a transformed state∣∣∣ξ˜(θ)OAT〉 ≡ Gθ ∣∣∣ξ(θ)OAT〉 (E11)
that is now squeezed with respect to the homogeneous
collective spin operators in S0, accessible with the SOC-
free (φ = 0) clock laser used during clock interrogation.
Given the definitions of the rotated spin operators
S
(θ)
x , S
(θ)
x in Eqns. (E7), (E8), a suitable candidate for
the gauge-switching operator Gθ is the site-dependent
rotation
Gθ =
∏
j
exp
(
iθjs(j)z
)
. (E12)
To implement Gθ with “global” (i.e. non-site-selective)
experimental controls, we decompose each local rotation
into a product of two reflections:
exp
(
i2αs(j)z
)
' exp
(
ipis(j)x
)
exp
(
ipis(j)α
)
(E13)
where ' denotes equality up to an overall phase, and
s
(j)
α ≡ cosαs(j)x + sinαs(j)y . This decomposition implies
Gθ ' exp
(
ipiS(0)x
)
exp
(
ipiS(θ/2)x
)
, (E14)
which can be implemented using one SOC-free (φ = 0)
clock laser, and one clock laser with SOC angle φ = θ/2.
Appending the two pi-pulses given by Eqn. (E14) to our
squeezing protocol thus prepares a state
∣∣∣ξ˜(θ)OAT〉 that is
squeezed with respect to the homogeneous collective spin
operators Sx, Sy, Sz accessible to the SOC-free (φ = 0)
clock laser used during clock interrogation.
As presented, the combined squeezing and clock in-
terrogation protocols require three clock lasers in total:
one without SOC (φ = 0), and one each for SOC angles
φ ∈ {θ/2, θ}. We can use Gθ, however, to decompose any
pulse exp (−iβ · Sθ) into composite pulses that use only
S0 and Sθ/2:
exp (−iβ · Sθ) = G†θ exp (−iβ · S0)Gθ. (E15)
The state prepared by the OAT squeezing protocol, for
example, can be equivalently prepared via∣∣∣ξ(θ)OAT〉 = e−iH(0)FHtG†θe−i(pi/2)S(0)x Gθ |−Z〉
' e−iH(0)FHte−ipiS(θ/2)x ei(pi/2)S(0)x |−Z〉 . (E16)
Spin-echo pulses applied throughout OAT can likewise
be decomposed according to (E15), eliminating the need
for a clock laser with SOC angle φ = θ. Applying a
continuous drive during a squeezing protocol, however,
still requires all three clock lasers. If carefully tuning
the relative orientations of three clock lasers proves to be
too difficult in practice, converting OAT into TAT would
therefore need to be done with a pulsed drive protocol,
as in Ref. [50].
Appendix F: Decoherence in the 3D 87Sr optical
lattice clock
Currently, light scattering from lattice beams in the
3D 87Sr optical lattice clock induces decoherence on a
time scale of ∼10 seconds[18, 35]. This decoherence acts
identically on all atoms in an uncorrelated manner, and
can be understood by considering the density operator
ρ for a single atom, with effective spin states ↓ and ↑
respectively corresponding to the 1S0 and
3P0 electronic
states. Empirically, the effect of decoherence after a time
t within the {↓, ↑} subspace of a single atom is to take
ρ→ ρ (t) with ρ (0) ≡ ρ and
ρ (t) :=
(
ρ↑↑e−Γ↑↑t ρ↑↓e−Γ↑↓t
ρ∗↑↓e
−Γ↑↓t ρ↓↓ +
(
1− e−Γ↑↑t) ρ↑↑
)
, (F1)
where Γ↑↑ ≈ Γ↑↓ ≈ Γ = 0.1 sec−1 are respectively decay
rates for ρ↑↑ and ρ↑↓. This form of decoherence can be
effectively modeled by decay and dephasing of individual
spins (respectively denoted Γud and Γel in Ref. [52]) at
rates Γ. In the language of the section that follows, we
would say that this decoherence is captured by the sets
of jump operators J− ≡
{
s
(j)
−
}
and Jz ≡
{
s
(j)
z
}
with
corresponding decoherence rates γ− = γz = Γ.
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Appendix G: Time-series of squeezing via OAT and
TAT
Figure G1 shows an example of squeezing over time
via OAT and TAT, both with and without decoherence
via decay and dephasing of individual spins. The OAT
model initially generates squeezing faster than the TAT
model, but the squeezing generation rate of OAT (mea-
sured in dB per second) falls off with time. The squeezing
generation rate for TAT, meanwhile, remains approxi-
mately constant (in the absence of decoherence) until
squeezing via TAT surpasses that of OAT. In the ab-
sence of decoherence, OAT achieves a maximal amount of
squeezing that scales as ξ2 ∼ N−2/3, while TAT achieves
Heisenberg-limited squeezing with ξ2 ∼ N−1. Note that
our method for computing squeezing via TAT in the pres-
ence of decoherence (described in Appendix H) is not ca-
pable of computing squeezing for the full range of times
shown in Fig. G1; the corresponding time-series data in
this figure is therefore shown up to the point at which
this method breaks down.
Appendix H: Solving Heisenberg equations of
motion for collective spin systems
In order to compute squeezing of a collective spin sys-
tem, we need to compute expectation values of (ho-
mogeneous) collective spin operators. We compute
these expectation values using a method recently de-
veloped in Ref. [53], and provide a short overview of
the method here. Choosing the basis {Sm} for all col-
lective spin operators, where Sm ≡ Sm++ Smzz Sm−− with
m ≡ (m+,mz,m−) ∈ N30, we can expand all collective
spin Hamiltonians in the form
H =
∑
m
hmSm. (H1)
The evolution of a general correlator 〈Sn〉 under a Hamil-
tonian of the form in Eqn. (H1) is then given by
d
dt
〈Sn〉 = i
∑
m
hm
〈
[Sm,Sn]−
〉
+
∑
J
γJ 〈D (J ;Sn)〉
≡
∑
m
〈Sm〉Tmn, (H2)
where [X,Y ]± ≡ XY ±Y X; J is a set of jump operators
with corresponding decoherence rate γJ ; the decoherence
operator D is defined by
D (J ;O) ≡
∑
J∈J
(
J†OJ − 1
2
[
J†J,O]
+
)
; (H3)
and Tmn is a matrix element of the time derivative oper-
ator T ≡ d/dt. These matrix elements can be calculated
analytically using product and commutation rules for col-
lective spin operators. We can then expand correlators
in a Taylor series about t = 0 to write
〈Sn〉 =
∑
k≥0
tk
k!
〈
dk
dtk
Sn
〉
t=0
=
∑
k≥0
tk
k!
∑
m
Tmn;k 〈Sm〉t=0 , (H4)
where Tmn;k ≡
[
T k
]
mn
are matrix elements of the k-
th time derivative. Expectation values of collective spin
operators can thus be computed via the expansion in
Eqn. (H4), which at short times can be truncated at some
finite order beyond which all terms have negligible con-
tribution to 〈Sn〉.
Appendix I: Effect of a harmonic confining trap
Current 3D optical lattice implementations involve a
harmonic confining potential, which significantly alters
the underlying single-particle eigenstructure and can po-
tentially degrade accessible squeezing within our proto-
col. In this appendix, we examine the effect of a harmonic
trap on our protocol and discuss strategies to mitigate
undesired effects. We model the trap by the addition of
the term
HˆΩ = ~Ω
∑
j,α
(j − j0)2nˆj,α (I1)
to our Fermi-Hubbard model (Eqn. (2)), where j0 de-
notes the trap center and Ω = m(ωa)2/2~ characterizes
the trap strength for atom mass m, trap frequency ω,
and lattice spacing a. In current state-of-the-art 3D 87Sr
OLC implementations, values of ω ≈ 56 × 2pi sec−1 can
be achieved within each 2D layer of weak SOC by uti-
lizing in-plane lattice depths of 5ER and a lattice depth
of 60ER in the axial direction, resulting in a value of
Ω/J ≈ 0.01. We restrict our discussion to 1D, although
for a separable 3D lattice our arguments should extend
in a straightforward manner.
We briefly review the structure of the single-particle
eigenstates of the system, before discussing the effects
on squeezing. In the quasi-momentum basis, the eigen-
functions ψn,α(q) = 〈q|n, α〉 are given by the pi-periodic
Mathieu functions, with the corresponding energies de-
scribed by the Mathieu characteristic values[48]. In the
presence of SOC, using the gauge transformation de-
scribed in the main text, we obtain the relation
ψn,↑(q) = ψn,↓(q − φ/a). (I2)
In contrast to the case of a pure harmonic potential,
which generically has spatially delocalized single-particle
eigenstates, the addition of a tight-binding lattice causes
eigenmodes with quantum number n (index n labels the
eigenvalues in order of increasing energy) larger than
nc ≈ 2
√
2J/Ω to become localized at corresponding lat-
tice sites. Therefore the sites at a distance nc/2 from the
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FIG. G1. Squeezing via OAT and TAT in a 2D section of the 3D 87Sr optical lattice clock, shown for (a) ` = 40 and (b)
` = 100 sites per axis (with N = `2 atoms total), and a lattice depth of V0 = 4 ER, where ER is the atomic lattice recoil energy.
Atoms are confined along the direction transverse to the 2D layer by a lattice of depth 60 ER. Squeezing over time is shown
for OAT (blue) and TAT (green), both with (solid lines) and without (dashed lines) decoherence via uncorrelated decay and
dephasing of individual spins at rates of 0.1 sec−1 (see Appendix F).
(a) (b)
(c) (d)
N = 20 N = 60
FIG. I1. Dynamics of non-interacting spin-orbit coupled fermions in a 1D lattice with SOC angle φ = pi/50, plus a harmonic
trap with Ω/J = 0.01. Starting with a spin-polarized cloud in ↓ ground state, an initial clock laser pulse is applied to rotate
spins into x, and the atoms are allowed to evolve during the dark time. We track the dynamics of the ↑ particle density for the
cases of (a) N = 20 and (b) N = 60 atoms. Panel (c) shows the time-averaged fluctuations of the ↑ particle density for each
site index j from its initial value following the Ramsey pulse; see Eqn. (I3). For N = 60, we have filled all delocalized modes
as well as several localized modes, resulting in a large region of no density fluctuations at the trap center. Panel (d) contains
the eigenspectrum for a single internal state in the presence of the trap (with the index n labeling the eigenvalues in order of
increasing energy), where the critical mode nc dividing the spatially delocalized and localized modes is indicated by a black
dash-dotted line. The highest occupied mode in the ↓ ground state for N = 20 and N = 60 is indicated by the green and red
solid lines, respectively.
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(a.i) (b.i) (c.i)
(a.ii) (b.ii) (c.ii)
(a.iii) (b.iii) (c.iii)
U/J = 1 U/J = 2 U/J = 4
FIG. I2. Dynamics of interacting spin-orbit coupled fermions in a 1D lattice plus a harmonic trap for U/J = 1 (a), 2 (b),
and 4 (c). For a 1D lattice with 10 sites and an SOC angle φ = pi/50, we apply a pi/2 clock laser pulse to the ↓ ground state
and let the system evolve during the dark time. In (a.i)-(c.i) we show the squeezing dynamics of the system for both N = 10
(solid lines) and N = 9 (dashed lines) for a variety of trapping strengths. In (a.ii)-(c.ii), we plot the time-averaged fluctuations
in total particle density, δnj (as in Eqn. (I3) but with nˆj,↑ replaced by
∑
α nˆj,α). In (a.iii)-(c.iii), we plot the growth of the
doublon population Nd(t) (see Eqn. (I4)) as a function of time, noting the absence of squeezing in the presence of a large
doublon population. For the chosen trap strengths, the corresponding values of nc are 28 (Ω/J = 0.01), 14 (Ω/J = 0.04), and
6 (Ω/J = 0.2). In panels where the results for the homogeneous case (orange curves) are not visible, they are nearly identical
to the results for Ω/J = 0.01 (green curves). Here, we utilize periodic boundary conditions to minimize finite size effects.
trap center with potential energy 2~J define the bound-
ary between the delocalized modes at the trap center
and the high-energy localized trap edges. Tunneling in
the region of localized modes is typically suppressed by
large potential energy differences even in the presence
of SOC. These modes are thus largely decoupled and
do not contribute to the trap center dynamics. On the
other hand the delocalized modes may be approximated
by those of a quantum harmonic oscillator with effective
mass m∗ = ~/(2Ja2) and frequency ω∗ =
√
4JΩ.
As emphasized in the main text, the key requirements
for our protocol are 1) the validity of the spin model,
which depends on the pinning of particles in their initial
single particle modes, and 2) the gap protection against
SOC dephasing, which arises from collective spin inter-
actions. Concerning the latter point, it is desirable to
maintain a weak trap so as to enable a large number of
delocalized modes in the trap center, which are the only
type capable of contributing to the generation of squeez-
ing. Though the interactions between these modes are
not strictly all-to-all, they remain long-ranged, and can
thus still lead to a spin-locking effect and a protective
gap[26, 46]. For Ω/J = 0.01 we have nc = 28, enabling
∼ 103 contributing modes in each 2D layer of our sys-
tem. Concerning the validity of the spin model, from a
single-particle perspective the eigenmodes of our ↑ states
will be initially displaced in quasi-momentum space from
equilibrium by φ/a as per Eqn. (I2), and will gener-
ally undergo dipole oscillations and not remain strictly
pinned to their initial modes. However, as long as we
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ensure the displacement is small enough to guarantee a
constant density distribution across the trap center, the
spin model will remain valid. The localized modes at
the trap edges can actually help to satisfy this condi-
tion, since they can serve as a barrier against motion.
This is demonstrated in Fig. I1 where we show that fill-
ing all delocalized modes guarantees that the trap center
maintains a constant density; we characterize this by the
time-averaged fluctuations of the ↑ density at each site j
about its initial value following the Ramsey pulse,
δnj,↑ ≡
√
lim
t→∞
1
t
∫ t
0
dτ
(
〈nˆj,↑(τ)〉 − 〈nˆj,↑(0)〉
)2
, (I3)
choosing sufficiently large evolution times to ensure con-
vergence.
In the presence of interactions, an additional point of
concern is that the interplay between the trap and inter-
actions may induce resonances that enable the formation
of a significant doublon population,
Nd(t) =
∑
j
〈nˆj,↑(t)nˆj,↓(t)〉, (I4)
which in turn may alter the density distribution and
invalidate the spin model. Since doublon formation
in the localized edges will not have consequences for
our squeezing protocol, we must only ensure that dou-
blons are not formed in the trap center, which requires
U > Ω(nc/2)
2 = 2J [49]. In Fig. I2, we perform ex-
act simulations to assess the effect of the trap on our
system. Though restricted to small system sizes, the re-
sults demonstrate that for U/J . 2, the trap will always
lead to a decrease of squeezing due to the formation of
doublons in the trap center, while for U/J & 2, we are
protected from this process even for trap strengths much
stronger than the experimentally relevant ones.
Appendix J: Accounting for p-wave inelastic
collisions
Inelastic 3P0 (electronic state e or ↑) collisions are
detrimental for optical lattice clocks. For the nuclear-
spin-polarized gas discussed in this work, ee losses are
only possible via the p-wave scattering channel since s-
wave collisions are suppressed by Fermi statistics. The
big advantage here compared to prior experiments done
in a 1D lattice at µK temperature[19] is that in a Fermi
degenerate gas loaded in a 3D optical lattice, p-wave
losses are further suppressed by the centrifugal barrier
and Pauli blocking, and only happen through a wave-
function overlap between atoms at different lattice sites.
In this appendix, we quantify the effect of p-wave inter-
actions on squeezing. To account for p-wave losses, we
describe the dynamics using a master equation for the
system’s density matrix ρˆ:
dρˆ
dt
= − i
~
[Hˆeff, ρˆ] + Lρˆ, (J1)
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FIG. J1. p-wave loss rates. Both the averaged p-wave
inelastic collision rate γ (orange) and the ratio of this collision
rate to the optimal squeezing rate χopt (blue) are suppressed
as the lattice depth increases. χopt is obtained by choosing
SOC angles φ that saturate B˜/U ≈ 0.05, where B˜ is the
variance of the SOC-induced axial field and U is the two-atom
on-site interaction energy.
where Hˆeff = χSˆ
2
z is the effective one-axis twisting Hamil-
tonian obtained from the original Fermi-Hubbard Hamil-
tonian with spin-orbit coupling, and L is the Lindblad
superoperator that accounts for p-wave ee inelastic col-
lisions. This latter term can be written using a pseudo-
potential approximation as[26]:
Lρˆ =
∑
kk′
Γkk′
[
Aˆkk′ ρˆAˆ
†
kk′
− 1
2
(
Aˆ†kk′Aˆkk′ ρˆ+ ρˆAˆ
†
kk′Aˆkk′
)]
, (J2)
where the jump operators are Aˆkk′ = cˆk,↑cˆk′,↑, and k,
k′ sum over all the populated quasi-momentum modes.
The decay matrix elements Γkk′ are given by:
Γkk′ =
3pi~b3im
m
(∫
dr 3W [φk(r), φk′(r)]
)
, (J3)
where bim = 121a0[17, 18] is the p-wave inelastic scatter-
ing length (with a0 = 5.29 × 10−11 m the Bohr radius),
φk(r) is the Bloch function with quasi-momentum k, and
W [φk(r), φk′(r)]
≡ [(∇φ∗k(r))φ∗k′(r)− φ∗k(r) (∇φ∗k′(r))]
· [(∇φk(r))φk′(r)− φk(r) (∇φk′(r))] (J4)
In Fig. J1, we show the averaged decay rate γ ≡∑
kk′ Γkk′/`
2, where ` is the number of lattice sites along
the x and y axes, as a function of the lattice depth V0
along these axes. Here, we assume the same lattice depth
in the z direction used in the main text, V = 60ER. The
decay rate γ is suppressed exponentially with increasing
lattice depth V0. To quantify the effect of these losses on
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N = 500
<latexit sha1_base64="y0wbY7qle2nnDp4xp/vKmD K5v1Q=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBahp7IRRT0IBS+epIKxhTaUzXbTLt1swu5GKKG/wYsHFa/+IW /+G7dtDtr6YODx3gwz88JUcG0w/nZKK6tr6xvlzcrW9s7unrt/8KiTTFHm00Qkqh0SzQSXzDfcCNZOFSNxKFgr HN1M/dYTU5on8sGMUxbEZCB5xCkxVvLvrs8x7rlVXMczoGXiFaQKBZo996vbT2gWM2moIFp3PJyaICfKcCrYpNL NNEsJHZEB61gqScx0kM+OnaATq/RRlChb0qCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mossg5zLNDJN0vijKBDIJm n6O+lwxasTYEkIVt7ciOiSKUGPzqdgQvMWXl4l/Wr+q4/uzaqNWpFGGIziGGnhwAQ24hSb4QIHDM7zCmyOdF+f d+Zi3lpxi5hD+wPn8AeCjjYU=</latexit><latexit sha1_base64="y0wbY7qle2nnDp4xp/vKmD K5v1Q=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBahp7IRRT0IBS+epIKxhTaUzXbTLt1swu5GKKG/wYsHFa/+IW /+G7dtDtr6YODx3gwz88JUcG0w/nZKK6tr6xvlzcrW9s7unrt/8KiTTFHm00Qkqh0SzQSXzDfcCNZOFSNxKFgr HN1M/dYTU5on8sGMUxbEZCB5xCkxVvLvrs8x7rlVXMczoGXiFaQKBZo996vbT2gWM2moIFp3PJyaICfKcCrYpNL NNEsJHZEB61gqScx0kM+OnaATq/RRlChb0qCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mossg5zLNDJN0vijKBDIJm n6O+lwxasTYEkIVt7ciOiSKUGPzqdgQvMWXl4l/Wr+q4/uzaqNWpFGGIziGGnhwAQ24hSb4QIHDM7zCmyOdF+f d+Zi3lpxi5hD+wPn8AeCjjYU=</latexit><latexit sha1_base64="y0wbY7qle2nnDp4xp/vKmD K5v1Q=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBahp7IRRT0IBS+epIKxhTaUzXbTLt1swu5GKKG/wYsHFa/+IW /+G7dtDtr6YODx3gwz88JUcG0w/nZKK6tr6xvlzcrW9s7unrt/8KiTTFHm00Qkqh0SzQSXzDfcCNZOFSNxKFgr HN1M/dYTU5on8sGMUxbEZCB5xCkxVvLvrs8x7rlVXMczoGXiFaQKBZo996vbT2gWM2moIFp3PJyaICfKcCrYpNL NNEsJHZEB61gqScx0kM+OnaATq/RRlChb0qCZ+nsiJ7HW4zi0nTExQ73oTcX/vE5mossg5zLNDJN0vijKBDIJm n6O+lwxasTYEkIVt7ciOiSKUGPzqdgQvMWXl4l/Wr+q4/uzaqNWpFGGIziGGnhwAQ24hSb4QIHDM7zCmyOdF+f d+Zi3lpxi5hD+wPn8AeCjjYU=</latexit>
N = 1000
<latexit sha1_base64="rfVldvGunlGZ5xqIHIvLFA LbPz4=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSL0VLIiqAeh4MWTVHDbQruUbJptY7PJkmSFUvofvHhQ8eoP8ua /MW33oK0PBh7vzTAzL0oFNxbjb29ldW19Y7OwVdze2d3bLx0cNozKNGUBVULpVkQME1yywHIrWCvVjCSRYM1oeD P1m09MG67kgx2lLExIX/KYU2Kd1Li79jHG3VIZV/EMaJn4OSlDjnq39NXpKZolTFoqiDFtH6c2HBNtORVsUuxk hqWEDkmftR2VJGEmHM+unaBTp/RQrLQradFM/T0xJokxoyRynQmxA7PoTcX/vHZm48twzGWaWSbpfFGcCWQVmr6 OelwzasXIEUI1d7ciOiCaUOsCKroQ/MWXl0lwVr2q4vvzcq2Sp1GAYziBCvhwATW4hToEQOERnuEV3jzlvXjv3s e8dcXLZ47gD7zPH0k1jbs=</latexit><latexit sha1_base64="rfVldvGunlGZ5xqIHIvLFA LbPz4=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSL0VLIiqAeh4MWTVHDbQruUbJptY7PJkmSFUvofvHhQ8eoP8ua /MW33oK0PBh7vzTAzL0oFNxbjb29ldW19Y7OwVdze2d3bLx0cNozKNGUBVULpVkQME1yywHIrWCvVjCSRYM1oeD P1m09MG67kgx2lLExIX/KYU2Kd1Li79jHG3VIZV/EMaJn4OSlDjnq39NXpKZolTFoqiDFtH6c2HBNtORVsUuxk hqWEDkmftR2VJGEmHM+unaBTp/RQrLQradFM/T0xJokxoyRynQmxA7PoTcX/vHZm48twzGWaWSbpfFGcCWQVmr6 OelwzasXIEUI1d7ciOiCaUOsCKroQ/MWXl0lwVr2q4vvzcq2Sp1GAYziBCvhwATW4hToEQOERnuEV3jzlvXjv3s e8dcXLZ47gD7zPH0k1jbs=</latexit><latexit sha1_base64="rfVldvGunlGZ5xqIHIvLFA LbPz4=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSL0VLIiqAeh4MWTVHDbQruUbJptY7PJkmSFUvofvHhQ8eoP8ua /MW33oK0PBh7vzTAzL0oFNxbjb29ldW19Y7OwVdze2d3bLx0cNozKNGUBVULpVkQME1yywHIrWCvVjCSRYM1oeD P1m09MG67kgx2lLExIX/KYU2Kd1Li79jHG3VIZV/EMaJn4OSlDjnq39NXpKZolTFoqiDFtH6c2HBNtORVsUuxk hqWEDkmftR2VJGEmHM+unaBTp/RQrLQradFM/T0xJokxoyRynQmxA7PoTcX/vHZm48twzGWaWSbpfFGcCWQVmr6 OelwzasXIEUI1d7ciOiCaUOsCKroQ/MWXl0lwVr2q4vvzcq2Sp1GAYziBCvhwATW4hToEQOERnuEV3jzlvXjv3s e8dcXLZ47gD7zPH0k1jbs=</latexit>
(a)N = 100
<latexit sha1_ba se64="A7S5huZ5Jq2wIMbYdiEFkghgd 1Q=">AAAB+3icbVBNS8NAEN3Ur1q/o j16CRahgpREBPUgFLx4kgrGFppQNttN u3SzCbsTMYT6V7x4UPHqH/Hmv3Hb5qC tDwYe780wMy9IOFNg299GaWl5ZXWtv F7Z2Nza3jF39+5VnEpCXRLzWHYCrChn grrAgNNOIimOAk7bwehq4rcfqFQsFne QJdSP8ECwkBEMWuqZVQ/oIwRhXsdHY +/45tKx7Z5Zsxv2FNYicQpSQwVaPfPL 68ckjagAwrFSXcdOwM+xBEY4HVe8VNE EkxEe0K6mAkdU+fn0+LF1qJW+FcZSlw Brqv6eyHGkVBYFujPCMFTz3kT8z+um EJ77ORNJClSQ2aIw5RbE1iQJq88kJcA zTTCRTN9qkSGWmIDOq6JDcOZfXiTuSe OiYd+e1pr1Io0y2kcHqI4cdIaa6Bq1 kIsIytAzekVvxpPxYrwbH7PWklHMVNE fGJ8/Tj6TWQ==</latexit><latexit sha1_ba se64="A7S5huZ5Jq2wIMbYdiEFkghgd 1Q=">AAAB+3icbVBNS8NAEN3Ur1q/o j16CRahgpREBPUgFLx4kgrGFppQNttN u3SzCbsTMYT6V7x4UPHqH/Hmv3Hb5qC tDwYe780wMy9IOFNg299GaWl5ZXWtv F7Z2Nza3jF39+5VnEpCXRLzWHYCrChn grrAgNNOIimOAk7bwehq4rcfqFQsFne QJdSP8ECwkBEMWuqZVQ/oIwRhXsdHY +/45tKx7Z5Zsxv2FNYicQpSQwVaPfPL 68ckjagAwrFSXcdOwM+xBEY4HVe8VNE EkxEe0K6mAkdU+fn0+LF1qJW+FcZSlw Brqv6eyHGkVBYFujPCMFTz3kT8z+um EJ77ORNJClSQ2aIw5RbE1iQJq88kJcA zTTCRTN9qkSGWmIDOq6JDcOZfXiTuSe OiYd+e1pr1Io0y2kcHqI4cdIaa6Bq1 kIsIytAzekVvxpPxYrwbH7PWklHMVNE fGJ8/Tj6TWQ==</latexit><latexit sha1_ba se64="A7S5huZ5Jq2wIMbYdiEFkghgd 1Q=">AAAB+3icbVBNS8NAEN3Ur1q/o j16CRahgpREBPUgFLx4kgrGFppQNttN u3SzCbsTMYT6V7x4UPHqH/Hmv3Hb5qC tDwYe780wMy9IOFNg299GaWl5ZXWtv F7Z2Nza3jF39+5VnEpCXRLzWHYCrChn grrAgNNOIimOAk7bwehq4rcfqFQsFne QJdSP8ECwkBEMWuqZVQ/oIwRhXsdHY +/45tKx7Z5Zsxv2FNYicQpSQwVaPfPL 68ckjagAwrFSXcdOwM+xBEY4HVe8VNE EkxEe0K6mAkdU+fn0+LF1qJW+FcZSlw Brqv6eyHGkVBYFujPCMFTz3kT8z+um EJ77ORNJClSQ2aIw5RbE1iQJq88kJcA zTTCRTN9qkSGWmIDOq6JDcOZfXiTuSe OiYd+e1pr1Io0y2kcHqI4cdIaa6Bq1 kIsIytAzekVvxpPxYrwbH7PWklHMVNE fGJ8/Tj6TWQ==</latexit>
(b)  /  = 0.04
<latexit sha1_base64="h7dOoz0WC BPZeICFkgOyTqHisSw=">AAACBnicbVBNS8NAEN3Ur1q/oh4FCRahgtRECupBK HjxWMHYQhPKZrtpl+4mYXciltCbF/+KFw8qXv0N3vw3btsctPXBMI/3ZtidFy ScKbDtb6OwsLi0vFJcLa2tb2xumds7dypOJaEuiXksWwFWlLOIusCA01YiKRYB p81gcDX2m/dUKhZHtzBMqC9wL2IhIxi01DH3PaAPEIRZJTgaecdeDwuBTzzSZ 5d21a51zLJuE1jzxMlJGeVodMwvrxuTVNAICMdKtR07AT/DEhjhdFTyUkUTTAa 4R9uaRlhQ5WeTO0bWoVa6VhhLXRFYE/X3RoaFUkMR6EmBoa9mvbH4n9dOITz3M xYlKdCITB8KU25BbI1DsbpMUgJ8qAkmkum/WqSPJSagoyvpEJzZk+eJe1q9qN o3tXK9kqdRRHvoAFWQg85QHV2jBnIRQY/oGb2iN+PJeDHejY/paMHId3bRHxif P1fZl8k=</latexit><latexit sha1_base64="h7dOoz0WC BPZeICFkgOyTqHisSw=">AAACBnicbVBNS8NAEN3Ur1q/oh4FCRahgtRECupBK HjxWMHYQhPKZrtpl+4mYXciltCbF/+KFw8qXv0N3vw3btsctPXBMI/3ZtidFy ScKbDtb6OwsLi0vFJcLa2tb2xumds7dypOJaEuiXksWwFWlLOIusCA01YiKRYB p81gcDX2m/dUKhZHtzBMqC9wL2IhIxi01DH3PaAPEIRZJTgaecdeDwuBTzzSZ 5d21a51zLJuE1jzxMlJGeVodMwvrxuTVNAICMdKtR07AT/DEhjhdFTyUkUTTAa 4R9uaRlhQ5WeTO0bWoVa6VhhLXRFYE/X3RoaFUkMR6EmBoa9mvbH4n9dOITz3M xYlKdCITB8KU25BbI1DsbpMUgJ8qAkmkum/WqSPJSagoyvpEJzZk+eJe1q9qN o3tXK9kqdRRHvoAFWQg85QHV2jBnIRQY/oGb2iN+PJeDHejY/paMHId3bRHxif P1fZl8k=</latexit><latexit sha1_base64="h7dOoz0WC BPZeICFkgOyTqHisSw=">AAACBnicbVBNS8NAEN3Ur1q/oh4FCRahgtRECupBK HjxWMHYQhPKZrtpl+4mYXciltCbF/+KFw8qXv0N3vw3btsctPXBMI/3ZtidFy ScKbDtb6OwsLi0vFJcLa2tb2xumds7dypOJaEuiXksWwFWlLOIusCA01YiKRYB p81gcDX2m/dUKhZHtzBMqC9wL2IhIxi01DH3PaAPEIRZJTgaecdeDwuBTzzSZ 5d21a51zLJuE1jzxMlJGeVodMwvrxuTVNAICMdKtR07AT/DEhjhdFTyUkUTTAa 4R9uaRlhQ5WeTO0bWoVa6VhhLXRFYE/X3RoaFUkMR6EmBoa9mvbH4n9dOITz3M xYlKdCITB8KU25BbI1DsbpMUgJ8qAkmkum/WqSPJSagoyvpEJzZk+eJe1q9qN o3tXK9kqdRRHvoAFWQg85QHV2jBnIRQY/oGb2iN+PJeDHejY/paMHId3bRHxif P1fZl8k=</latexit>
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<latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit><latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit><latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit> sq
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<latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit><latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit><latexit sha1_base64="zUU6aVNmb/nUbmoNuvW39VsX0NI=">AAACBXicbVBNS8NAEN34WetX1aMIwSJUkJKIoN5KvXisYGyhDWWznbZLN5u4OxFr6MmLf8WLBxWv/gdv/hu3HwdtfTDweG+GmXlBLLhGx/m25uYXFpeWMyvZ1bX1jc3c1vaNjhLFwGORiFQtoBoEl+AhRwG1WAENAwHVoHcx9Kt3oDSP5DX2Y/BD2pG8zRlFIzVzew2Ee0z1bQLwwGVn0DgaK4VW+XDQzOWdojOCPUvcCcmTCSrN3FejFbEkBIlMUK3rrhOjn1KFnAkYZBuJhpiyHu1A3VBJQ9B+OnpjYB8YpWW3I2VKoj1Sf0+kNNS6HwamM6TY1dPeUPzPqyfYPvNTLuMEQbLxonYibIzsYSZ2iytgKPqGUKa4udVmXaooQ5Nc1oTgTr88S7zj4nnRuTrJl8qTNDJkl+yTAnHJKSmRS1IhHmHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fQ/mZLA==</latexit>
FIG. J2. Squeezing via OAT in the presence of inelastic collisions. (a) For fixed particle number N = 100, the optimal
squeezing decreases as the inelastic collision rate increases. Panel (b) shows squeezing over time for γ/χopt = 0.04 (solid lines),
which corresponds to U/J = 6, and compares it with γ = 0 (dashed lines) for different particle numbers. Inelastic collisions
prevent the growth of optimal squeezing with particle number. For N = 1000, the maximum squeezing saturates to ∼ 10 dB.
the spin squeezing generation process, we follow a similar
methodology to the one described in detail in Ref. [26].
The basic idea is to take advantage of the so-called
Truncated-Wigner Approximation (TWA)[62, 63], which
allows us to capture the development of spin squeezing
using semi-classical phase-space methods. In the TWA
the quantum dynamics are accounted for by solving mean
field equations of motion supplemented by noise. The
mean field equations are derived by assuming that the
many-body density matrix of the system can be factor-
ized as ρˆ =
⊗
i ρˆ(i), where ρˆ(i) is the reduced density
matrix of the particle in quasi-momentum mode qi [see
Eqn. (F1)]. Under this assumption, the non-linear mean
field equations are given by
dρ↑↑(j)
dt
= −
∑
j′
Γkjkj′ρ↑↑(j)ρ↑↑(j
′),
dρ↓↓(j)
dt
= 0
(J5)
and
dρ↑↓(j)
dt
= ρ↑↓(j)
∑
j′
[
iχ(ρ↑↑(j′)− ρ↓↓(j′))
− 1
2
Γkjkj′ρ↑↑(j
′)
]
, (J6)
where ρσσ′ ≡ 〈ρˆσσ′〉. Since we are interested in the col-
lective behavior, one can define ρTσσ′ =
∑
j ρσσ′(j). For
these observables the equations of motion simplify to
dρT↑↑
dt
= −fγ(ρT↑↑)2,
dρT↓↓
dt
= 0 (J7)
and
dρT↑↓
dt
= ρT↑↓
[
iχ(ρT↑↑ − ρT↓↓)−
1
2
fγρT↑↑
]
, (J8)
where f ≡ N/`2 is the filling fraction.
Under the TWA, one accounts for quantum fluctua-
tions during the dynamics by averaging over different
mean field trajectories generated by sampling over differ-
ent initial conditions chosen to reconstruct the Wigner
function of the initial coherent spin state at t = 0[26].
This method has proven to be successful in simulating
quantum spin dynamics. Using this approach, Fig. J2
shows numerical simulation results of squeezing over time
in the presence of inelastic collisions. For shallow lattices
(V0 . 7ER), the effect of inelastic collisions can limit the
spin squeezing to ∼ 10 dB. Thus, in this regime, losses
are as relevant as light scattering. The role of inelas-
tic interactions could be mitigated by either operating at
deeper lattices as shown in Fig. J2, or by using nuclear
spin states to generate the squeezing instead of the clock
states directly.
[1] J. Eisert, M. Friesdorf, and C. Gogolin, “Quantum
many-body systems out of equilibrium,” Nature Physics
11, 124–130 (2015).
[2] Immanuel Bloch, Jean Dalibard, and Wilhelm Zwerger,
“Many-body physics with ultracold gases,” Reviews of
Modern Physics 80, 885–964 (2008).
[3] Christian Gross and Immanuel Bloch, “Quantum simu-
lations with ultracold atoms in optical lattices,” Science
357, 995–1001 (2017).
[4] S. L. Campbell, R. B. Hutson, G. E. Marti, A. Goban,
N. Darkwah Oppong, R. L. McNally, L. Sonderhouse,
J. M. Robinson, W. Zhang, B. J. Bloom, and J. Ye,
“A Fermi-degenerate three-dimensional optical lattice
clock,” Science 358, 90–94 (2017).
[5] G. E. Marti, Ross B. Hutson, Akihisa Goban, Sara L.
Campbell, Nicola Poli, and Jun Ye, “Imaging optical
frequencies with 100 µHz precision and 1.1 µm resolu-
tion,” Physical Review Letters 120, 103201 (2018).
19
[6] B. J. Bloom, T. L. Nicholson, J. R. Williams, S. L. Camp-
bell, M. Bishof, X. Zhang, W. Zhang, S. L. Bromley, and
J. Ye, “An optical lattice clock with accuracy and stabil-
ity at the 1018 level,” Nature 506, 71 (2014).
[7] W. F. McGrew, X. Zhang, R. J. Fasano, S. A. Scha¨ffer,
K. Beloy, D. Nicolodi, R. C. Brown, N. Hinkley, G. Mi-
lani, M. Schioppo, T. H. Yoon, and A. D. Ludlow,
“Atomic clock performance enabling geodesy below the
centimetre level,” Nature 564, 87 (2018).
[8] Masao Takamoto and Hidetoshi Katori, “Spectroscopy of
the 1s0-
3p0 clock transition of
87sr in an optical lattice,”
Physical Review Letters 91, 223001 (2003).
[9] Z. W. Barber, C. W. Hoyt, C. W. Oates, L. Hollberg,
A. V. Taichenachev, and V. I. Yudin, “Direct excitation
of the forbidden clock transition in neutral 174Yb atoms
confined to an optical lattice,” Physical Review Letters
96, 083002 (2006).
[10] Jun Ye, H. J. Kimble, and Hidetoshi Katori, “Quantum
State Engineering and Precision Metrology Using State-
Insensitive Light Traps,” Science 320, 1734–1738 (2008).
[11] T. Kessler, C. Hagemann, C. Grebing, T. Legero,
U. Sterr, F. Riehle, M. J. Martin, L. Chen, and J. Ye,
“A sub-40-mHz-linewidth laser based on a silicon single-
crystal optical cavity,” Nature Photonics 6, 687–692
(2012).
[12] Garrett D. Cole, Wei Zhang, Michael J. Martin, Jun Ye,
and Markus Aspelmeyer, “Tenfold reduction of Brownian
noise in high-reflectivity optical coatings,” Nature Pho-
tonics 7, 644–650 (2013).
[13] D. G. Matei, T. Legero, S. Ha¨fner, C. Grebing,
R. Weyrich, W. Zhang, L. Sonderhouse, J. M. Robinson,
J. Ye, F. Riehle, and U. Sterr, “1.5 µm lasers with sub-
10 mhz linewidth,” Physical Review Letters 118, 263202
(2017).
[14] Andrew D. Ludlow, Martin M. Boyd, Jun Ye, E. Peik,
and P. O. Schmidt, “Optical atomic clocks,” Reviews of
Modern Physics 87, 637–701 (2015).
[15] F. Scazza, C. Hofrichter, M. Hfer, P. C. De Groot,
I. Bloch, and S. Flling, “Observation of two-orbital spin-
exchange interactions with ultracold SU(n)-symmetric
fermions,” Nature Physics 10, 779 (2014).
[16] G. Cappellini, M. Mancini, G. Pagano, P. Lombardi,
L. Livi, M. Siciliani de Cumis, P. Cancio, M. Pizzocaro,
D. Calonico, F. Levi, C. Sias, J. Catani, M. Inguscio, and
L. Fallani, “Direct Observation of Coherent Interorbital
Spin-Exchange Dynamics,” Physical Review Letters 113,
120402 (2014).
[17] X. Zhang, M. Bishof, S. L. Bromley, C. V. Kraus, M. S.
Safronova, P. Zoller, A. M. Rey, and J. Ye, “Spectro-
scopic observation of SU(n)-symmetric interactions in sr
orbital magnetism,” Science 345, 1467–1473 (2014).
[18] A. Goban, R. B. Hutson, G. E. Marti, S. L. Campbell,
M. A. Perlin, P. S. Julienne, J. P. D’Incao, A. M. Rey,
and J. Ye, “Emergence of multi-body interactions in a
fermionic lattice clock,” Nature 563, 369 (2018).
[19] M. J. Martin, M. Bishof, M. D. Swallows, X. Zhang,
C. Benko, J. von-Stecher, A. V. Gorshkov, A. M. Rey,
and Jun Ye, “A Quantum Many-Body Spin System in
an Optical Lattice Clock,” Science 341, 632–636 (2013).
[20] Masahiro Kitagawa and Masahito Ueda, “Squeezed spin
states,” Physical Review A 47, 5138–5143 (1993).
[21] D. J. Wineland, J. J. Bollinger, W. M. Itano, F. L. Moore,
and D. J. Heinzen, “Spin squeezing and reduced quantum
noise in spectroscopy,” Physical Review A 46, R6797–
R6800 (1992).
[22] Jian Ma, Xiaoguang Wang, C. P. Sun, and Franco Nori,
“Quantum spin squeezing,” Physics Reports 509, 89–165
(2011).
[23] W. M. Itano, J. C. Bergquist, J. J. Bollinger, J. M. Gilli-
gan, D. J. Heinzen, F. L. Moore, M. G. Raizen, and
D. J. Wineland, “Quantum projection noise: Population
fluctuations in two-level systems,” Physical Review A 47,
3554–3570 (1993).
[24] C. L. Degen, F. Reinhard, and P. Cappellaro, “Quantum
sensing,” Reviews of Modern Physics 89, 035002 (2017).
[25] Matthew D. Swallows, Michael Bishof, Yige Lin, Sebas-
tian Blatt, Michael J. Martin, Ana Maria Rey, and Jun
Ye, “Suppression of Collisional Shifts in a Strongly Inter-
acting Lattice Clock,” Science 331, 1043–1046 (2011).
[26] A. M. Rey, A. V. Gorshkov, C. V. Kraus, M. J. Martin,
M. Bishof, M. D. Swallows, X. Zhang, C. Benko, J. Ye,
N. D. Lemke, and A. D. Ludlow, “Probing many-body
interactions in an optical lattice clock,” Annals of Physics
340, 311–351 (2014).
[27] A. D. Ludlow, N. D. Lemke, J. A. Sherman, C. W. Oates,
G. Que´me´ner, J. von Stecher, and A. M. Rey, “Cold-
collision-shift cancellation and inelastic scattering in a
Yb optical lattice clock,” Physical Review A 84, 052724
(2011).
[28] N. D. Lemke, J. vonStecher, J. A. Sherman, A. M. Rey,
C. W. Oates, and A. D. Ludlow, “p-wave cold collisions
in an optical lattice clock,” Physical Review Letters 107,
103902 (2011).
[29] G. K. Campbell, M. M. Boyd, J. W. Thomsen, M. J. Mar-
tin, S. Blatt, M. D. Swallows, T. L. Nicholson, T. Fortier,
C. W. Oates, S. A. Diddams, N. D. Lemke, P. Naidon,
P. Julienne, Jun Ye, and A. D. Ludlow, “Probing Inter-
actions Between Ultracold Fermions,” Science 324, 360–
363 (2009).
[30] Michael L. Wall, Andrew P. Koller, Shuming Li, Xibo
Zhang, Nigel R. Cooper, Jun Ye, and Ana Maria Rey,
“Synthetic Spin-Orbit Coupling in an Optical Lattice
Clock,” Physical Review Letters 116, 035301 (2016).
[31] S. Kolkowitz, S. L. Bromley, T. Bothwell, M. L. Wall,
G. E. Marti, A. P. Koller, X. Zhang, A. M. Rey, and
J. Ye, “Spin-orbit-coupled fermions in an optical lattice
clock,” Nature 542, 66 (2016).
[32] L. F. Livi, G. Cappellini, M. Diem, L. Franchi, C. Clivati,
M. Frittelli, F. Levi, D. Calonico, J. Catani, M. Inguscio,
and L. Fallani, “Synthetic Dimensions and Spin-Orbit
Coupling with an Optical Clock Transition,” Physical
Review Letters 117, 220401 (2016).
[33] S. L. Bromley, S. Kolkowitz, T. Bothwell, D. Kedar,
A. Safavi-Naini, M. L. Wall, C. Salomon, A. M. Rey,
and J. Ye, “Dynamics of interacting fermions under
spin–orbit coupling in an optical lattice clock,” Nature
Physics 14, 399–404 (2018).
[34] So¨ren Do¨rscher, Roman Schwarz, Ali Al-Masoudi,
Stephan Falke, Uwe Sterr, and Christian Lisdat,
“Lattice-induced photon scattering in an optical lattice
clock,” Physical Review A 97, 063419 (2018).
[35] Ross B. Hutson, Akihisa Goban, G. Edward Marti,
and Jun Ye, “Engineering Quantum States of Mat-
ter for Atomic Clocks in Shallow Optical Lattices,”
arXiv:1903.02498 [cond-mat, physics:physics] (2019).
[36] Erik Bauch, Connor A. Hart, Jennifer M. Schloss,
Matthew J. Turner, John F. Barry, Pauli Kehayias, Swati
Singh, and Ronald L. Walsworth, “Ultralong Dephasing
20
Times in Solid-State Spin Ensembles via Quantum Con-
trol,” Physical Review X 8, 031025 (2018).
[37] Clarice D. Aiello, Masashi Hirose, and Paola Cappellaro,
“Composite-pulse magnetometry with a solid-state quan-
tum sensor,” Nature Communications 4, 1419 (2013).
[38] S. C. Burd, R. Srinivas, J. J. Bollinger, A. C. Wilson,
D. J. Wineland, D. Leibfried, D. H. Slichter, and D. T. C.
Allcock, “Quantum amplification of mechanical oscillator
motion,” Science 364, 1163–1165 (2019).
[39] Luca Pezze`, Augusto Smerzi, Markus K. Oberthaler, Ro-
man Schmied, and Philipp Treutlein, “Quantum metrol-
ogy with nonclassical states of atomic ensembles,” Re-
views of Modern Physics 90, 035005 (2018).
[40] J. Aasi, J. Abadie, B. P. Abbott, R. Abbott, T. D. Ab-
bott, M. R. Abernathy, C. Adams, T. Adams, P. Ad-
desso, R. X. Adhikari, C. Affeldt, O. D. Aguiar, P. Ajith,
B. Allen, E. Amador Ceron, et al., “Enhanced sensitiv-
ity of the LIGO gravitational wave detector by using
squeezed states of light,” Nature Photonics 7, 613–619
(2013).
[41] B. P. Abbott, R. Abbott, T. D. Abbott, M. R. Aber-
nathy, F. Acernese, K. Ackley, C. Adams, T. Adams,
P. Addesso, R. X. Adhikari, V. B. Adya, C. Af-
feldt, M. Agathos, K. Agatsuma, N. Aggarwal, et al.,
“GW150914: The Advanced LIGO Detectors in the
Era of First Discoveries,” Physical Review Letters 116,
131103 (2016).
[42] M. S. Safronova, D. Budker, D. DeMille, Derek F. Jack-
son Kimball, A. Derevianko, and Charles W. Clark,
“Search for new physics with atoms and molecules,” Re-
views of Modern Physics 90, 025008 (2018).
[43] Tilman Esslinger, “Fermi-Hubbard Physics with Atoms
in an Optical Lattice,” Annual Review of Condensed
Matter Physics 1, 129–152 (2010).
[44] A. M. Rey, L. Jiang, M. Fleischhauer, E. Demler, and
M. D. Lukin, “Many-body protected entanglement gen-
eration in interacting spin systems,” Physical Review A
77, 052305 (2008).
[45] Matthew A. Norcia, Robert J. Lewis-Swan, Julia R. K.
Cline, Bihui Zhu, Ana M. Rey, and James K. Thompson,
“Cavity-mediated collective spin-exchange interactions in
a strontium superradiant laser,” Science 361, 259–262
(2018).
[46] Scott Smale, Peiru He, Ben A. Olsen, Kenneth G.
Jackson, Haille Sharum, Stefan Trotzky, Jamir Marino,
Ana Maria Rey, and Joseph H. Thywissen, “Observation
of a transition between dynamical phases in a quantum
degenerate Fermi gas,” Science Advances 5, eaax1568
(2019).
[47] Peter T. Brown, Debayan Mitra, Elmer Guardado-
Sanchez, Peter Schauß, Stanimir S. Kondov, Ehsan
Khatami, Thereza Paiva, Nandini Trivedi, David A.
Huse, and Waseem S. Bakr, “Spin-imbalance in a 2D
Fermi-Hubbard system,” Science 357, 1385–1388 (2017).
[48] Ana Maria Rey, Guido Pupillo, Charles W. Clark, and
Carl J. Williams, “Ultracold atoms confined in an op-
tical lattice plus parabolic potential: A closed-form ap-
proach,” Physical Review A 72, 033616 (2005).
[49] Guido Pupillo, Ana Maria Rey, Carl J. Williams, and
Charles W. Clark, “Extended fermionization of 1D
bosons in optical lattices,” New Journal of Physics 8,
161–161 (2006).
[50] Y. C. Liu, Z. F. Xu, G. R. Jin, and L. You, “Spin
Squeezing: Transforming One-Axis Twisting into Two-
Axis Twisting,” Physical Review Letters 107, 013601
(2011).
[51] Wen Huang, Yan-Lei Zhang, Chang-Ling Zou, Xu-Bo
Zou, and Guang-Can Guo, “Two-axis spin squeezing of
two-component Bose-Einstein condensates via continu-
ous driving,” Physical Review A 91, 043642 (2015).
[52] Michael Foss-Feig, Kaden R. A. Hazzard, John J.
Bollinger, and Ana Maria Rey, “Nonequilibrium dynam-
ics of arbitrary-range Ising models with decoherence: An
exact analytic solution,” Physical Review A 87, 042101
(2013).
[53] Michael A. Perlin and Ana Maria Rey, “Short-time ex-
pansion of Heisenberg operators in open collective quan-
tum spin systems,” arXiv:1905.09475 [quant-ph] (2019).
[54] Boris Braverman, Akio Kawasaki, Edwin Pedrozo-
Pen˜afiel, Simone Colombo, Chi Shu, Zeyang Li, En-
rique Mendez, Megan Yamoah, Leonardo Salvi, Daisuke
Akamatsu, Yanhong Xiao, and Vladan Vuletic´, “Near-
Unitary Spin Squeezing in Yb 171,” Physical Review Let-
ters 122, 223203 (2019).
[55] M. Bishof, M. J. Martin, M. D. Swallows, C. Benko,
Y. Lin, G. Que´me´ner, A. M. Rey, and J. Ye, “Inelastic
collisions and density-dependent excitation suppression
in a 87Sr optical lattice clock,” Physical Review A 84,
052716 (2011).
[56] M. Mancini, G. Pagano, G. Cappellini, L. Livi, M. Rider,
J. Catani, C. Sias, P. Zoller, M. Inguscio, M. Dalmonte,
and L. Fallani, “Observation of chiral edge states with
neutral fermions in synthetic Hall ribbons,” Science 349,
1510–1513 (2015).
[57] Sergey Bravyi, David P. DiVincenzo, and Daniel Loss,
“Schrieffer–Wolff transformation for quantum many-
body systems,” Annals of Physics 326, 2793–2826 (2011).
[58] H. Y. Carr and E. M. Purcell, “Effects of Diffusion on
Free Precession in Nuclear Magnetic Resonance Experi-
ments,” Physical Review 94, 630–638 (1954).
[59] S. Meiboom and D. Gill, “Modified Spin-Echo Method for
Measuring Nuclear Relaxation Times,” Review of Scien-
tific Instruments 29, 688–691 (1958).
[60] A. A Maudsley, “Modified Carr-Purcell-Meiboom-Gill se-
quence for NMR fourier imaging applications,” Journal
of Magnetic Resonance (1969) 69, 488–491 (1986).
[61] Terry Gullion, David B Baker, and Mark S Conradi,
“New, compensated Carr-Purcell sequences,” Journal of
Magnetic Resonance (1969) 89, 479–484 (1990).
[62] Anatoli Polkovnikov, “Phase space representation of
quantum dynamics,” Annals of Physics 325, 1790–1852
(2010).
[63] J. Schachenmayer, A. Pikovski, and A. M. Rey, “Many-
Body Quantum Spin Dynamics with Monte Carlo Tra-
jectories on a Discrete Phase Space,” Physical Review X
5, 011022 (2015).
